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YAN LI AND XIAOHUA ZHU∗
Abstract. In this paper, we introduce a class of Sasaki manifolds with a
reductive G-group action, called G-Sasaki manifolds. By reducing K-energy
to a functional defined on a class of convex functions on a moment polytope,
we give a criterion for the properness of K-energy. In particular, we deduce a
sufficient and necessary condition related to the polytope for the existence of
G-Sasaki Einstein metrics. A similar result is also obtained for G-Sasaki Ricci
solitons. As an application, we construct several examples of G-Sasaki Ricci
solitons by an established openness theorem for G-Sasaki Ricci solitons.
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2 YAN LI AND XIAOHUA ZHU∗
0. Introduction
In this paper, we introduce a class of G-Sasaki manifolds M with a reductive G-
group action, called G-Sasaki manifolds. The group acts on the Ka¨hler cone C(M)
of M as a G × G action, see Definition 2.1 for details. One of our motivations
is from the fundamental work of Alexeev and Brion in group compactifications
theory [1, 2]. In general, there are many different compactifications Gˆ of G with
an extended G × G action, and the compactification space may not be a smooth
manifold, perhaps just an algebraic variety.
More recently, the Ka¨hler geometry on G-manifolds (called for simplicity, if Gˆ
is smooth and Ka¨hlerian) has been extensively studied (cf. [3, 19, 20, 33, 32, 21]).
For examples, Delcroix proved the existence of Ka¨hler-Einstein metrics on a Fano
G-manifold under a sufficient and necessary condition [19], and later, Li, Zhou and
Zhu gave another proof of Delcroix’s result and generalize it to Ka¨hler-Ricci solitons
[33]. Moreover, Delcroix’s condition can be explained in terms of K-stability [33]
(also see [20]), and thus their results can be both regarded as direct proofs to
Yau-Tian-Danaldson conjecture in case of G-manifolds [46, 39, 41, 13].
In Sasaki geometry, a transverse Ka¨hler metric is very closely related to a Ka¨hler
metric on a complex manifold (cf. [8, 26]). In particular, if a Sasaki manifold M
is regular or quasi-regular, then M is just an S1-bundle over a Ka¨hler manifold or
an orbifold. Another relationship is that a transverse Sasaki-Einstein metric corre-
sponds to a Ka¨hler-Ricci flat cone. Recently, Collins and Sze´kelyhidi established a
link between transverse Sasaki-Einstein metrics and stable Ka¨hler cones as in the
Yau-Tian-Danaldson conjecture [15]. The question of existence of Sasaki-Einstein
metrics has received increasing attention in the physics community through their
connection to the AdS/CFT correspondence (cf. [37, 35, 14]). We refer the reader
to see many interesting examples of such metrics in a monumental work of Boyer
and Galicki [8].
Our goal in this paper is to extend the argument in [33] on G-manifolds to
G-Sasaki manifolds. In particular, we prove a version of Delcroix’s theorem for
the existence of transverse Sasaki-Einstein metrics in case of G-Sasaki manifolds.
Our result also generalizes a beautiful theorem of Futaki, Ono and Wang for the
existence of transverse Sasaki-Ricci solitons on toric Sasaki manifolds [26].
To state our main results, let us introduce some notations for Lie group. Let G
be a complex, connected, reductive group of complex dimension (n + 1), which is
the complexification of a maximal compact subgroup K of G. Let T be a maximal
compact torus of K and T c its complexification. Denote by g, t the Lie algebra of G
and T , respectively. Set a = JGt, where JG is the complex structure of G. We fix a
scalar product 〈·, ·〉 on a which extends the Killing form defined on the semi-simple
part ass of a with persevering ass orthogonal to the centre az = a ∩ z(g). Denote
by RG the root system of (G,T
c) and choose a system R+G of positive roots, which
defines a positive Weyl chamber a+ ⊂ a. Let a∗ be the dual of a and a∗+ the dual
of a+ under 〈·, ·〉.
Since the Ka¨hler cone C(M) of G-Sasaki manifold M contains a toric cone Z
generated by the torus T c, there are a moment polytope cone C associated to Z
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and a restricted moment polytope P ⊂ C associated to Z ∩M , respectively (cf.
Section 2, 3). Let P+ = P ∩ a∗+. Define a function on a∗+ related to positive roots
in R+G by
pi(y) =
∏
α∈R+G
〈y, α〉2.
We introduce the barycentre of P+ by
bar(P+) =
∫
P+ ypi dσc∫
P+ pi dσc
,
where dσc is the Lebesgue measure on P.
Let Ξ be the relative interior of the cone generated by R+G and set
σ =
1
2
∑
α∈R+G
α.
Then we state our first main result as follows.
Theorem 0.1. Let (M, g) be a (2n+ 1)-dimensional G-Sasaki manifold with ωTg ∈
pi
n+1c
B
1 (M) > 0. Then M admits a transverse Sasaki-Einstein metric if and only if
bar(P+) satisfies
bar(P+)− 2
n+ 1
σ +
1
n+ 1
γ0 ∈ Ξ,(0.1)
where γ0 is a rational vector in a
∗
z (the dual of az) determined in Proposition 5.1.
(0.1) is an obstruction to the existence of G-Sasaki Einstein metrics. In fact, we
will use an argument in [47, 48] to derive an analytic obstruction to the existence of
G-Sasaki metrics with constant transverse scalar curvature in terms of convex W -
invariant piecewise linear functions (cf. Proposition 6.4). Then by a construction
of piecewise linear function in [33], the analytic obstruction implies (0.1).
For the sufficient part of Theorem 0.1, we use the argument in [33] to prove the
properness of K-energy on the space of K ×K-invariant potentials on pin+1cB1 (M)
through the reduced K-energy µ(·). Since µ(·) is defined on a class of convex
functions on ι∗(P+) and P does not satisfy the Delzant condition in general [17],
we shall modify the proof of main theorem in [33, Theorem 1.2]. Here ι∗ is an
isomorphism from P+ to a polytope P in a subspace of codimension one in a∗ (cf.
Section 3). In fact, our method works for any G-Sasaki manifold to give a criterion
for the properness of K-energy (cf. Theorem 4.6). It is interesting to mention that
the form of µ(·) may depend on the choice of ι∗ if its transverse Ka¨hler class of
G-Sasaki manifold is not belonged to a multiple of cB1 (M) (cf. Remark 4.7).
From the proof in Theorem 0.1, we actually prove the following strong properness
of K-energy K(·) for a G-Sasaki Einstein manifold.
Corollary 0.2. Let (M, g) be a (2n+1)-dimensional G-Sasaki manifold with ωTg ∈
pi
n+1c
B
1 (M). Suppose that M admits a transverse Sasaki-Einstein metric. Then
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there are δ, Cδ > 0 such that for any K ×K-invariant transverse Ka¨hler potential
ψ of ωTg it holds
K(ψ) ≥ δ inf
τ∈Z′(T c)
I(ψτ )− Cδ,(0.2)
where Z ′(T c) ⊂ T c ∩ AutT (M) is a subgroup of the centre Z(G) with codimension
1, AutT (M) is the transverse holomorphic group of M , I(·) is a functional defined
by (4.12), and ψτ is an induced transverse Ka¨hler potential of τ
∗(ωTg +
√−1∂∂¯ψ)
by τ .
For a general Sasaki manifold which admits a transverse Sasaki-Einstein metric,
we propose the following conjecture.
Conjecture 0.3. Let (M, g) be a (2n+ 1)-dimensional Sasaki manifold with ωTg =
pi
n+1c
B
1 (M). Suppose that M admits a transverse Sasaki-Einstein metric. Then
there are δ, Cδ > 0 such that for any K-invariant transverse Ka¨hler potential ψ of
ωTg it holds
K(ψ) ≥ δ inf
τ∈Z(AutT (M))
I(ψτ )− Cδ,(0.3)
where K is a maximal compact subgroup of AutT (M).
Conjecture 0.3 can be regarded as a version of Tian’s conjecture for K-invariant
Ka¨hler potentials in case of transverse Sasaki-Einstein manifolds [39]. Recently,
Darvas and Rubinstein proved Tian’s conjecture when Z(Aut(M)) is replaced by
Aut(M) in case of Ka¨hler-Einstein manifolds [18]. We note that Conjecture 0.3 is
true by a result of Zhang [42], if AutT (M) is finite.
An analogy of Theorem 0.1 will be established for G-Sasaki Ricci solitons (cf.
Theorem 7.1). Then by deformation of Reeb vector fields as in [34, 35], we prove
the following openness theorem for transverse Sasaki-Ricci solitons.
Theorem 0.4. Let C∨ be the interior of the dual cone of C and
Σ = C∨ ∩ az.
Set
ΣO = Σ ∩ {ξ| γ0(ξ) = −(n+ 1)}.(0.4)
Suppose that a G-Sasaki manifold (M, g0) with the Reeb field ξ0 admits a transverse
Sasaki-Ricci soliton. Then for ξ ∈ ΣO sufficiently close to ξ0, there is a deformation
of G-Sasaki manifold (M, ξ) with the Reeb vector field ξ from (M, g0, ξ0) such that
(M, ξ) admits a transverse Sasaki-Ricci soliton.
It is clear that ξ ∈ ΣO in (0.4) may not be rational. Thus by Theorem 0.4,
one can construct many irregular G-Sasaki Ricci solitons from a G-Sasaki Einstein
metric in pin+1c
B
1 (M), see examples in Section 8, for details.
The organization of paper is as follows. In Section 1, we recall some basic
knowledge in Sasaki geometry and in Section 2, we introduce the notion of G-Sasaki
manifolds M . In Section 3, we begin to study K ×K-invariant metrics and discuss
the moment map restricted on a torus orbit in M . The reduced K-energy µ(·) will
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be computed in Section 4 and a criterion for the properness of µ(·) will be given (cf.
Theorem 4.6). In Section 5, we prove Theorem 4.6 in case of ωTg ∈ pin+1cB1 (M), and
then in Section 6, we prove Theorem 0.1. Theorem 0.4 will be proved in Section 7.
In Section 8, we discuss some examples of G-Sasaki Einstein metrics and G-Sasaki
Ricci solitons.
1. Sasaki geometry
By definition, a (2n + 1)-dimensional Riemannian manifold (M, g) is called a
Sasaki manifold if and only if its cone manifold (C(M), g¯) is a Ka¨hler manifold,
where
C(M) = M × R+, g¯ = dρ2 + ρ2g,
and ρ ∈ R+. Following [26], we denote
ξ = Jρ
∂
∂ρ
, η(·) = 1
ρ2
g¯(·, ξ),(1.1)
where J is the complex structure of C(M). The restriction of ξ on M is called
the Reeb vector field of M . Let ∇g be the Levi-Civita connection of g. Then
Φ(X) = ∇gXξ defines an (1, 1)-tensor Φ on TM . We call (g, ξ, η, Φ) the Sasaki
structure of (M, g).
By [8], the relationship between J and Φ on M is given by
J(X) =

Φ(X)− η(X)ρ ∂
∂ρ
, X ∈ TM,
ξ, X = ρ
∂
∂ρ
.
(1.2)
Thus there are local coordinates (x0(α), z
1
(α), ..., z
n
(α)) on each chart U(α) ⊂M , where
zi(α) = x
i
(α) +
√−1xi+n(α) ∈ C, i = 1, ..., n, such that
ξ =
∂
∂x0(α)
,
and
∂zi(β)
∂x0(α)
= 0,
∂zi(β)
∂z¯j(α)
= 0, ∀1 ≤ i, j ≤ n,
whenever U(α) ∩U(β) 6= ∅ [8, Chapter 6]. These local coordinates form a transverse
holomorphic structure on M . Then the corresponding complex structure ΦT(α) is
given by
ΦT(α)
(
∂
∂xi(α)
)
=
∂
∂xi+n(α)
,(1.3)
which forms a global transverse complex structure ΦT on M .
Denote the transverse holomorphic group of M by AutT (M) and the holomor-
phic transformations group of C(M) by Autξ(C(M)), which commutes with the
holomorphic flow generated by ξ −√−1Jξ. Then
AutT (M) ∼= Autξ(C(M)).
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To see this isomorphism, we note that for any f ∈ Autξ(C(M)), f commutes with
pi, where pi is the projection from C(M) to its level set M ∼= {ρ = 1}. Then one
can define a map fˆ by
fˆ = pir ◦ f : M →M.(1.4)
It is easy to see that f∗ξ = ξ and pi∗ξ = ξ. This implies that fˆ preserves ξ. On the
other hand, the complex structure J on C(M) is preserved by f . Thus by (1.3),
the transverse holomorphic structure ΦT is preserved by fˆ .
1.1. Basic forms and transverse Ka¨hler structure. An m-form Ω on M is
called basic if
LξΩ = 0, iξΩ = 0.(1.5)
This means that
Ω(α)0i2...imdx
i1
(α) = 0,
∂
∂x0(α)
Ω(α)i1...im = 0, ∀i1, ..., im,
if we let Ω = Ω(α)i1...imdx
i1
(α) ∧ ... ∧ dxim(α) under local transverse holomorphic coor-
dinates z0(α), ..., z
n
(α). Thus ∂B , ∂¯B operators are well-defined for any basic m-form
Ω. As same as Hodge-Laplace operator, we introduce
4B =
√−1(∂¯∗B ∂¯B + ∂¯B ∂¯∗B).
In particular, for a basic function f , we have
4Bf =
√−1trg(∂B ∂¯Bf).
We are interested in basic (1, 1)-forms. Since g¯ is a cone metric, we have
(1.6) ωg¯ =
1
2
√−1∂∂¯ρ2.
It follows
dη = 2
√−1∂∂¯ log ρ.(1.7)
This means that 12dη|M = ωTg is a positive basic (1, 1)-form. Usually, ωTg is called the
transverse Ka¨hler form. The following lemma shows that fˆ ∈ AutT(M) preserves
transverse Ka¨hler class.
Lemma 1.1. Let (M, g) be a compact (2n+1)-dimensional Sasaki manifold. Then
f∗dη|M is a basic form for any f ∈ Autξ(C(M)). Consequently, fˆ∗ωTg ∈ [ωTg ]B.
Proof. Note that
f∗(dη) = f∗(
√−1∂∂¯ log ρ) = √−1∂∂¯ log f∗ρ.
Then to prove the lemma, it suffices to show that ψ = log f∗ρ− log ρ satisfies
ξ(ψ)(x) = 0 and
∂
∂ρ
(ψ)(x) = 0, ∀ x ∈ M.
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In fact,
ξ(ψ)(x) =
1
f∗ρ(x)
f∗ξ(ρ)(f(x))− 1
ρ
ξ(ρ)(x)
=
1
f∗ρ(x)
ξ(ρ)(f(x))− 1
ρ
ξ(ρ)(x).
Then ξ(ψ)(x) = 0, since ξ(ρ) ≡ 0. On the other hand, by ξ = Jρ ∂∂ρ , we have
f∗
(
ρ
∂
∂ρ
)
=
(
ρ
∂
∂ρ
)
.
It follows
∂
∂ρ
(ψ)(x) =
1
f∗ρ(x)
(
f∗
∂
∂ρ
)
(ρ)(f(x))− 1
ρ(x)
=
1
f∗ρ(x)
f∗ρ(x)
ρ(x)
(
∂
∂ρ
)
ρ(f(x))− 1
ρ(x)
= 0.

For a transverse Ka¨hler form ωTg , its transverse Ricci form is defined by
RicT (g) = −√−1∂B ∂¯B log det(gT(α)ij¯), on U(α),
where ωTg =
√−1gT
(α)ij¯
dzi(α) ∧ dzj(α) on U(α). Clearly, RicT (g) is also a basic (1, 1)-
form. Similar to the Ka¨hler form, RicT (g) is dB-closed and the basic cohomology
class [RicT (g)]B is independent with the choice of ω
T
g in [ω
T
g ]B . We call c
B
1 (M) =
1
2pi [Ric
T (g)]B the basic first Chern class. It was proved in [26, Proposition 4.3] that
Proposition 1.2. The first basic Chern class is represented by cdη for some con-
stant c if and only if c1(D) = 0, where D = ker(η).
A Sasaki metric g is called a Sasaki-Einstein metric on M if it satisfies
Ric(g) = 2ng.
In case of c1(D) = 0, the above equation is equivalent to the following transverse
Sasaki-Einstein equation (cf. [26]),
(1.8) RicT (g) = 2(n+ 1)ωTg .
In particular, cB1 (M) > 0.
To solve (1.8), it turns to find a basic C∞-function ψ in the following class ( the
space of transverse Ka¨hler potentials),
H
(
1
2
dη
)
= {ψ ∈ C∞(M) is a basic function| ωTgψ =
1
2
dη +
√−1∂B ∂¯Bψ > 0}
such that ωTgψ =
1
2dηψ = ω
T
g +
√−1∂B ∂¯Bψ satisfies (1.8). Then (1.8) is reduced
to a complex Monge-Ampe`re equation on each U(α) with transverse holomorphic
coordinates (z1(α), ..., z
n
(α)),
det(gT(α)ij¯ + ψ(α),ij¯) = exp(−2(n+ 1)ψ + h) det(gT(α)ij¯),(1.9)
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where h is a basic Ricci potential determined by
(1.10) RicT (g) = 2(n+ 1)ωTg +
√−1∂B ∂¯Bh.
We will discuss (1.9) in Section 6 for details.
1.2. Futaki invariant. In general, there is no solution of (1.9) since there are some
obstructions to the existence of transverse Sasaki-Einstein metrics, such as Futaki
invariant (cf. [10, 26]). As in Ka¨hler geometry, the Futaki invariant is defined
for Hamiltonian vector fields. We call a complex vector field X a Hamiltonian
holomorphic vector field on a Sasaki manifold if X satisfies (cf. [26, Definition
4.5]):
(1) On each U(α), pi(α)∗(X) is a (local) holomorphic vector field on Cn, where
pi(α)(·) is the projection given by
pi(α)(x
0
(α), z
1
(α), ..., z
n
(α)) = (z
1
(α), ..., z
n
(α));
(2) The complex-valued function UX =
√−1η(X) satisfies
∂¯BUX = −
√−1
2
iXdη.
Denote by ham(M) the Lie algebra of the Hamiltonian holomorphic vector fields.
The Futaki invariant Fut(X) is defined by
Fut(X) = −
∫
M
X(h)
(
1
2
dη
)n
∧ η, ∀ X ∈ ham(M).(1.11)
Clearly, Fut(X) = 0 for any X ∈ ham(M) if M admits a transverse Sasaki-Einstein
metric . In case cB1 (M) > 0, it has been showed that aut
T (M) ∼= ham(M), where
autT (M) is the space of transverse holomorphic vector fields, which can be identified
with the Lie algebra of AutT (M) (cf. [16, Proposition 2.2]).
There is also a definition of Futaki invariant for general Sasaki metrics without
assumption of ωTg ∈ pin+1cB1 (M). We refer the reader to [10, Sect. 5].
2. Sasaki manifolds with group structure
In this section, we introduce G-Sasaki manifolds. Let G be a complex, connected,
reductive group of complex dimension (n + 1), which is the complexification of a
maximal compact subgroup K as before. Assume that the centre z(k) of Lie algebra
of K is nontrivial.
Definition 2.1. A G-Sasaki manifold (M, g, ξ) is a (2n + 1)-dimensional Sasaki
manifold with a holomorphic G×G-action on C(M) such that the following prop-
erties are satisfied:
(1) There is an open and dense orbit O in C(M) which is isomorphic to G as
a G×G-homogeneous space (we will identify it with G);
(2) The K ×K-action preserves ρ invariant;
(3) ξ ∈ z(k).
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By (1.6), the conditions (2) and (3) imply that the group K × K acts on M
and preserves its Sasaki structure (g, ξ, η, Φ) invariant. Clearly, if we take G
an (n + 1)-dimensional complex torus T c, then M is a (2n + 1)-dimensional toric
Sasaki manifold (cf. [26]). We will discuss more examples of G-Sasaki manifolds in
Section 8 in the end of this paper.
Let Z be the closure of T c in C(M). By [1, 2], Z is a toric manifold. Since ξ ∈
z(k) ⊂ t, we have ρ ∂∂ρ = −Jξ ∈ a, and so Z is a Ka¨hler cone over Z∩M . This implies
that Z ∩M is a toric Sasaki manifold with Sasaki structure (g|Z∩M , ξ|Z∩M , η|Z∩M ,
Φ|Z∩M ) [26, 34, 8]. As in [1, 2, 3], the structure of G-Ka¨hler manifold (a polarized
G-group compactification) is determined by its toric submanifold, the structure of
G-Sasaki manifold (M, g) will be determined by its toric Sasaki submanifold Z∩M .
In fact, we have
Proposition 2.2. Let (Mˆ, ω) be a K × K-invariant Ka¨hler manifold with holo-
morphic G×G-action which satisfies (1) in Definition 2.1. Let Z be the closure of
T c in Mˆ . Suppose that (Z, ω|Z) is the Ka¨hler cone over some toric Sasaki manifold
MZ such that the Reeb vector field ξ satisfies (3). Then Mˆ is a Ka¨hler cone over
some G-Sasaki manifold M .
The proof of Proposition 2.2 depends on the KAK-decomposition of the reductive
group G [29, Sect. 7.3]. Let us choose a basis of right-invariant vector fields
{E1, ..., En+1} on G ⊂ C(M) such that {E1, ..., Er+1} spans tc, where (r+ 1) is the
dimension of T c (cf. [19, Sect. 1]). Denote the set of positive roots by R+G with
roots {αi}i=1,...,n−r2 . For each α = αi, we set Mα
Mα(x) =
1
2
〈α,∇ψ(x)〉
(
cothα(x)
√−1
−√−1 cothα(x)
)
, x ∈ a+,
where a+ = {x ∈ a| α(x) > 0, ∀ α ∈ R+G} is the positive Weyl chamber of a.
Let W be the Weyl group of (G,T c). The following lemma gives a formula of
complex Hessian for K ×K-invariant functions on G due to [19].
Lemma 2.3. Any K×K-invariant function ψ on G can descend to a W -invariant
function (still denoted by ψ) on a. Moreover, there are local holomorphic coordinates
on G such that for x ∈ a+, the complex Hessian matrix of ψ is diagonal by blocks
as follows,
(2.1) HessC(ψ)(exp(x)) =

1
4HessR(ψ)(x) 0 0
0 Mα1(x) 0
0 0
. . .
...
...
...
. . . 0
0 0 Mαp(x)

.
We apply Lemma 2.3 to prove Proposition 2.2.
Proof of Proposition 2.2. Since (Z, ω|Z) is a Ka¨hler cone manifold, there is a smooth
function ρ on Z such that
ω|Z =
√−1
2
∂∂¯ρ2
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as in (1.6). Then ρ can be extended to a smooth K × K-invariant function on
Mˆ (still denoted by ρ). Note that ω is a K × K-invariant Ka¨hler metric by the
assumption. Thus ω =
√−1
2 ∂∂¯ρ
2 on Mˆ (cf. [3, Proposition 3.2)]). Let M be the
level set {ρ = 1} in Mˆ . Then MZ = M ∩ Z. We need to prove that ω is a cone
metric over M . By [35, Sect. 2.1], it is equivalent to show that
ω (ξ,X) = 0, ∀X ∈ TM.(2.2)
It suffices to check (2.2) on M ∩ O. Note that (2.2) is true for any X ∈ TZ.
By the KAK-decomposition, for any p ∈ M ∩ O, there exists k1, k2 ∈ K such
that p′ = (k1, k2)p ∈ Z. Moreover, p′ ∈ M since ρ(p′) = ρ(p) = 1. Then by the
K ×K-invariance of ω, it holds
ω(ξ,X)|p = ω(ξ, (k−11 , k−12 )∗X)|p′ , ∀ X ∈ TpM.
We need to check (2.2) in the following two cases:
Case 1, (k−11 , k
−1
2 )∗X ∈ Span {Er+2, ..., En+1}. Applying ρ2 to ψ in Lemma 2.3,
we see that (2.1) implies (2.2) since ξ ∈ z(k) ⊂ t.
Case 2, (k−11 , k
−1
2 )∗X ∈ Tp′Z. Then (k−11 , k−12 )∗X must lie in Tp′MZ since M is
K ×K-invariant. Thus
ω(ξ, (k−11 , k
−1
2 )∗X)|p′ = ω(ξ, TZ)|p′ = 0.
(2.2) is also true.

Let {etξ}t∈R be the one-parameter group generated by ξ. We call a Sasaki
manifold quasi-regular if any orbit generated by etξ is closed. Otherwise, it is
called irregular. If the action etξ is in addition free, a quasi-regular Sasaki manifold
is further called regular (cf. [8, 26]). We note that the regularity property of M
is also determined by the toric Sasaki submanifold Z ∩M . In fact, this follows
from a result of Alexeev and Brion [1, Theorem 4.8]: For any p ∈ Mˆ , there exists
g1, g2 ∈ G such that p′′ = (g1, g2)p ∈ Z. Then, for any p ∈ M there is a ρp ∈ R
such that p′ = eρpJξp′′ ∈ Z ∩M . Since both etξ and etJξ commute with the action
of (g1, g2) by (3) of Definition 2.1,
etξp = (g−11 , g
−1
2 )e
−ρpJξetξp′, ∀t ∈ R.
This means that the orbits of p and p′ generated by etξ are isomorphic. Hence,
Z ∩M is regular (or quasi-regular, irregular) implies that M is regular (or quasi-
regular, irregular).
In the remainder of this section, we discuss the moment map µZ of (Z, g¯|Z). It
is known that the image of µ is a cone minus the origin in Rr+1 ∼= a∗ (cf. [31, 26]).
Denote this cone by
(2.3) C =
d⋂
A=1
{y ∈ a∗| lA(y) = uiAyi ≥ 0}.
Without loss of generality, we may assume that this set of {uA} is minimal, which
means that C will be changed if removing any uA in (2.3). Since Z ∩M is smooth,
the cone C is good in sense of [31] (cf. [34, Sec. 2]). Namely, C satisfies:
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(C1) Each uA = (u
1
A, ..., u
r+1
A ) is a prime vector in the lattice of one-parameter
groups N;
(C2) Each codimension N face F ⊂ C can be realized uniquely as the intersection
of some facets FA = {y| lA(y) = 0}, A ∈ {1, ..., N} ⊂ {1, ..., d} and
SpanR{u1, ..., uN} ∩N = SpanZ{u1, ..., uN}.
Let
l∞(y) =
∑
A
lA(y).(2.4)
Set
Uξ0 (y) =
1
2
∑
A
lA(y) log lA(y) +
1
2
lξ(y) log lξ(y)− 1
2
l∞(y) log l∞(y).(2.5)
Uξ0 (y) is usually called Guillimin’s function on C \ {O} [27]. Then the Legendre
function Fˆ0 of U
ξ
0 defined by
Fˆ0(x) = yi
∂Uξ0
∂yi
− Uξ0(2.6)
is a Ka¨hler potential on Z [27], where
∂Uξ0
∂yi
= xi : (y1, ..., yr+1)→ (x1, ..., xr+1)
is a diffeomorphism from C \ {O} to Rr+1. Conversely, for any toric cone metric
with Ka¨hler potential F on Z = C(Z ∩M), one can define a symplectic potential
U of Z on C \ {O} by the Legendre transformation,
U(y) = xi
∂F
∂xi
− F.
As a version of Abreu’s result for toric cone metrics, the following proposition was
proved in [34].
Proposition 2.4. Any symplectic potential U on Z associated to a Ka¨hler cone
metric with the Reeb vector ξ can be written as
(2.7) U = Uξ0 + U
′,
where U ′ is a smooth homogenous function of degree 1 on C \ {O} such that U is
strictly convex.
Since the cone metric g¯ is K ×K-invariant in our case, C is W -invariant [2]. We
will further assume that all U ′ are W -invariant.
3. K ×K-invariant metrics in a transversely holomorphic orbit
In this section, we reduce a K ×K-invariant Sasaki metric g in a transversely
holomorphic n-dimensional orbit. Let γ ∈ a∗z be a rational element such that
Jγ(ξ) 6= 0. Set
k′ = ker{Jγ : k→ R} = {ζ ∈ k| Jγ(ζ) = 0}.
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Then k′ is a rational Lie subalgebra of k. It follows that the subgroup K ′ generated
by exp(k′) is a closed codimension 1 subgroup of K [6]. Hence its complexification
H = (K ′)c is a closed (complex) codimension 1 reductive subgroup of G. Since
ξ ∈ z(k), we see that H ×H ⊂ Autξ(C(M)).
Take a generic point p ∈M ∩O. Then its H×H-orbit OrbC(M)(p) is a complex
submanifold of C(M) and it is isomorphic to H as a H × H-homogenous space.
By the isomorphism (1.4), H ×H can be identified with a subgroup of AutT (M),
and OrbM (p) = pi
(
OrbC(M)(p)
)
is its orbit of p in M . Since ξ 6∈ k′, ξ 6∈ TOrbM (p).
Thus we can equip OrbM (p) with the transverse complex structure Φ
T so that
ωTg is a Ka¨hler form on it. It can be shown that pi is a bi-holomorphic between
OrbC(M)(p) and OrbM (p) (cf. [16, 26]).
We claim that pi is an isometry between (OrbC(M)(p),
1
2dη|OrbC(M)(p)) and
(OrbM (p), ω
T
g ). This is because
pi∗(X) = X − 1
ρ2
g¯
(
X,
∂
∂ρ
)
∂
∂ρ
, ∀ X ∈ TC(M),
and by (1.7),
iρ ∂∂ρ
dη = −2Lρ ∂∂ρ (Jd log ρ) = 0.
Thus for any X,Y ∈ TC(M), we get
1
2
dη(X,Y ) =
1
2
dη(pir∗(X), pir∗(Y )) = ωg¯(pir∗(X), pir∗(Y )) = ω
T
g (pir∗(X), pir∗(Y )).
This verifies the claim. Hence to study ωTg on M , it suffices to compute
1
2dη on
OrbC(M)(p).
As in Section 3, we consider the closure Z ′ of (T ′)c-orbit OrbM (p). Since T ′ =
exp(t′) is a maximal compact torus of K ′, Z ′ is just the torus orbit corresponding
to (T ′)c in Z. By (1.7), we see that
ωTg (p) =
√−1∂∂ log ρ(p).
Then by the above claim, we get
ωTg |(T ′)c⊂Z′ =
√−1∂∂ log ρ((T ′)c(p)).(3.1)
It implies that ϕ((T ′)c) = log ρ|(T ′)c(p) is a Ka¨hler potential of the restriction of ωTg
on the orbit (T ′)c ⊂ Z ′. Thus log ρ can be regarded as a convex function in Rr since
ωTg |Z′ is K ′-invariant. We shall compute the polytope of moment µ′ associated to
ωTg |Z′ with the action (T ′)c below.
3.1. Moment polytope of (Z ′, ωTg |Z′). Let µZ be the moment map of (Z, g¯|Z) as
in Section 2. Since ρ = 1 on M , by a direct computation, the image of Z∩M under
µZ is an intersection of C with the characteristic hyperplane {y| lξ(y) = ξiyi = 1},
which is a polytope P in a∗,
P = {y| lξ(y) = 1, uiAyi ≥ 0, ∀A}.(3.2)
Thus C is a cone over it. Since M is compact, P must be bounded. Hence ξ lies in
the interior of the dual cone of C.
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Let a′ = Jk′. Let ι : a′ → a be the inclusion and ι∗ : a∗ → (a′)∗ its dual map.
Then γ(a′) = 0. It follows that
ι∗(y) = y − 〈y, γ〉〈γ, γ〉γ, ∀ y ∈ a
∗.(3.3)
Thus we can identify (a′)∗ with the image of ι∗ in a∗, which is a codimension
1 subspace orthogonal to γ. Let P be the image of µ′ in (a′)∗. The following
proposition shows that P is equal to ι∗(P), and consequently P depends only on
the choice of γ.
Proposition 3.1. P is equal to ι∗(P), which is a bounded, convex and W -invariant
polytope. More precisely,
P = {v ∈ (a′)∗| l′A(v) ≥ 0, A = 1, ..., d},(3.4)
where
l′A(v) =
(
uiA −
γ(uA)
γ(ξ)
ξi
)
vi +
γ(uA)
γ(ξ)
.(3.5)
Furthermore, each codimension N face of P is exactly intersections of N facets. In
particular, each vertex of P is exactly the intersection of r facets.
Proof. Note that the inclusion ι : (t′)c → tc of Lie algebras induces a holomor-
phic embedding (still denoted by ι) of toric manifold Z ′ into Z. Then for any
holomorphic vector field X on Z ′, by (3.1), we have
iX
(
ι∗
1
2
dη
)
= ι∗
(
iι∗X
(
1
2
dη
))
=
√−1ι∗(∂¯(ι∗X(log ρ))).
Thus, by the definition of moment map, it follows that
µ′ = ι∗ (∇ log ρ) .
On the other hand, by Proposition 2.4, U ′ is homogenous of degree 1. Then
2yk
∂xi
∂yk
= 2yk
∂2U
∂yk∂yi
= 2yk
∂2Uξ0
∂yk∂yi
= ξi.
Thus
lξ(y) = ξ
iyi = ρ
2,(3.6)
and so
1
2
dη =
√−1
2
∂∂¯ log lξ(y).
As a consequence,
µ′ =
ι∗(y)
lξ(y)
.
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This means that
P = {v = ι∗(y)| y ∈ C, lξ(y) = 1},(3.7)
which is equivalent to ι∗(P). In particular, P is bounded, convex and W -invariant.
By (3.2) and (3.3), it is easy to see that the inverse of ι is given by
ι∗−1(v) = v +
1− v(ξ)
γ(ξ)
γ, ∀v ∈ a′∗.(3.8)
Thus by (3.7), we obtain (3.4) immediately.
The second part in the proposition follows from the property of P. In fact,
according to (3.7), any codimension N face of P is an intersection of a codimension
N face of C with the characteristic hyperplane {lξ = 1}. Then by the property
(C2) of C in Section 2, each codimension N face of P is exactly intersections of N
facets. 
3.2. Space of Legendre functions. In this subsection, we determine the space of
Legendre functions on P associated to K×K-invariant transverse Ka¨hler potentials
of ωTψ ∈ [ωTg ]B . For convenience, we set the class of K × K-invariant Ka¨hler
potentials of (M, 12dη) by HK×K
(
1
2η
)
. Namely,
HK×K
(
1
2
dη
)
= {ψ |ψ ∈ H
(
1
2
dη
)
| ψ is K ×K-invariant}.
Let Fˆ0 be the Ka¨hler potential associated to the symplectic potential U
ξ
0 on Z
in (2.6). Then by Proposition 2.2, Fˆ0 extends to a function
1
2ρ
2
0 on C(M) which
induces a G-Sasaki manifold (M, 12dη0) with
1
2
dη0 =
√−1∂∂¯ log ρ0.
By (3.1), 12 log Fˆ0 is a Ka¨hler potential on Z
′. Let u0 be its Legendre function.
Then
u0(x) =
1
2
(
(log Fˆ0),ix
i − log Fˆ0
)
=
1
2
(
Fˆ0,ix
i
Fˆ0
− log Fˆ0
)
=
1
2
(
Uξ0 (∇Fˆ0)
Fˆ0
− log Fˆ0 + 1
)
.(3.9)
On the other hand, by (3.6), we have
2Fˆ0 = lξ(y),
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where y = ∇Fˆ0. Then by (2.5), we get
Uξ0 (∇Fˆ0)
Fˆ0
− log Fˆ0
=
∑
A
lA(y)
lξ(y)
log lA(y) + log lξ(y)− l∞(y)
lξ(y)
log l∞(y)
− log lξ(y) + log 2
=
∑
A
lA(y)
lξ(y)
log
lA(y)
lξ(y)
+
∑
A
lA(y)
lξ(y)
log lξ(y)
− l∞(y)
lξ(y)
log
l∞(y)
lξ(y)
− l∞(y)
lξ(y)
log lξ(y) + log 2.
Hence, by (2.4), it follows that
Uξ0 (∇Fˆ0)
Fˆ0
− log Fˆ0
=
∑
A
lA(y)
lξ(y)
log
lA(y)
lξ(y)
− l∞(y)
lξ(y)
log
l∞(y)
lξ(y)
+ log 2.(3.10)
Let
v =
ι∗(∇Fˆ0)
2Fˆ0
=
ι∗(y)
ξiyi
.
Then by (3.8),
y
ξiyi
= v +
1− v(ξ)
γ(ξ)
γ.
Thus by (3.5), we see that
lA(y)
lξ(y)
= l′A(v),
and
l∞(y)
lξ(y)
=
∑
A
l′A(v) = l
′
∞(v).
Plugging (3.10) and the above two equalities into (3.9), we derive
u0(v) =
1
2
∑
A
l′A(v) log l
′
A(v)−
1
2
l′∞(v) log l
′
∞(v) + log 2 +
1
2
.(3.11)
Note that l′∞(v) has strictly positive lower bound on P . Then
l′∞(v) log l
′
∞(v) ∈ C∞(P ).
Set
uG =
1
2
∑
A
l′A(v) log l
′
A(v).(3.12)
We see that u0 − uG ∈ C∞(P ).
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Set
CP,W = {u| u− uG ∈ C∞(P ), u is strictly convex and W -invariant}.
We prove
Lemma 3.2. Let ψ ∈ HK×K
(
1
2dη
)
and ϕψ be the Ka¨hler potential of ω
T
ψ ∈ [ωTg ]B.
Then the Legendre function uψ of ϕψ belongs to CP,W .
Proof. Without loss of generality, we may assume (cf. [26, Proposition 4.2]),
Fψ = e
2ψFˆ0.
Then ϕψ =
1
2 log Fˆ0 +ψ is a toric Ka¨hler potential of ω
T
ψ . Since ψ is basic, ξ(ψ) = 0.
Thus we get
ξi(e2ψFˆ0),i = e
2ψξiFˆ0,i = 2Fψ.(3.13)
Hence, if we set y = ∇Fψ, then
ξiyi = 2Fψ.
On the other hand, by (2.7), the Legendre function Uψ of Fψ can be written as
Uψ = U
ξ
0 + U
′
for some smooth, homogenous degree 1 function U ′ on C. Then analogous to (3.9),
the Legendre function of ϕψ =
1
2 logFψ|a′ , is given by
uψ(x) =
1
2
(
Uψ(∇Fψ)
Fψ
− logFψ + 1
)
=
1
2
(
Uξ0 (y)
lξ(y)
− log lξ(y) + log 2 + 1 + U ′
(
y
lξ(y)
))
.
Similarly as in the proof of (3.11), for v = ι∗
(
y
lξ(y)
)
, we get
uψ(v) = u0(v) +
1
2
U ′(v).
The lemma then follows from the fact that u0 − uG ∈ C∞(P ).
The convexity and W -invariance of ϕψ follows exactly as in the Ka¨hler case (cf.
[19, 33]).

4. The reduced K-energy µ(·)
In this section, we compute the K-energy K(·) on HK×K
(
1
2dη
)
on a Sasaki
manifold (M, 12dη) in terms of Legendre functions on P as in [33]. Recall that the
average S¯T of transverse scalar curvature ST of 12dη is given by
S¯T =
1
V
∫
M
ST (
1
2
dη)n ∧ η,
where
V =
∫
M
(
1
2
dη
)n
∧ η
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is the volume of 12dη = ω
T
g . As same as V , S¯
T is independent of the choice of 12dηψ
with ψ ∈ H ( 12dη). The K-energy on (M, 12dη) is introduced by Futaki-Ono-Wang
as follows [26],
K(ψ) = − 1
V
∫ 1
0
∫
M
ψ˙t(S
T
t − S¯T )(
1
2
dηψt)
n ∧ ηψt ∧ dt,(4.1)
for any ψ ∈ H( 12dη), where {ψt}t∈[0,1] is any smooth path in H
(
1
2dη
)
joining 0 and
ψ, and STt is the transverse scalar curvature of
1
2dηψt .
Let dh be a Haar measure of H. Write the complex Monge-Ampe`re operator
measure on OrbM (p), induced by
1
2dηψ as
(
√−1∂∂¯ϕψ)n = MAC(ϕψ)dh.
Note that H and G have the same roots system. Then by Lemma 2.3, we have
(4.2) MAC(ϕψ)(exp(x)) =
1
4r+p
MAR(ϕψ)(x)
1
J(x)
∏
α∈R+G
〈α,∇ϕψ(x)〉2 , ∀x ∈ a′+,
where J(x) =
∏
α∈R+G sinh
2 α(x).
The following lemma gives a version of KAK-integration formula on a G-Sasak
manifold.
Lemma 4.1. Let (M, 12dη) be a G-Sasaki manifold with Reeb vector field ξ. Then
there is a constant C0 which depends only on ξ and H such that for any K ×K-
invariant function f ,∫
M
f(dη)n ∧ η = C0
∫
a′+
fMAR(ϕ0)
∏
α∈R+G
〈α,∇ϕ0(x)〉2dx,(4.3)
where ϕ0 is a transverse Ka¨hler potential of
1
2dη =
√−1∂∂¯ϕ0.
Proof. It suffices to do the integration on the open dense orbit M ∩ O. We claim
that for any q ∈M ∩O, the flow line generated by ξ through q intersects OrbM (p).
In fact, by using KAK-decomposition, we may assume q ∈ Z ∩ O without loss of
generality. The claim then follows from [26, Proposition 7.2].
Note that all etξ-orbits in M ∩ O are isomorphic to each other. Then we have
two cases.
Case1. The etξ-orbits in M ∩ O are all compact, so they can be parameterized by
S1. In this case, the integration can be taken first along each etξ-orbit and then
over OrbM (p). On the other hand, in the coordinates chosen in Section 1,
(
1
2
dη)n ∧ η = (ωTg )n ∧ dx0(α).
Since f is etξ-invariant, we have f = f(z(α)), which is a constant along each e
tξ-
orbit. Thus ∫
M
f(
1
2
dη)n ∧ η = C0
∫
OrbM (p)
f(ωTg |OrbM (p))n,
where C0 is a constant independent of f . By (4.2), we get (4.3).
Case 2. The etξ-orbits in M ∩ O are non-compact. In this case, let Tξ be the
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closure of etξ. It is a compact torus in Z(K) whose dimension is at least 2. Thus
tξ ∩ k′ 6= ∅. Take an ς ′ ∈ tξ ∩ k′ such that ξ′ = ξ+ ς ′ generates a compact group and
let θ′ be the dual of ξ′. Then
(
1
2
dη)n ∧ η = (ωTg )n ∧ θ′.
Since f is also etξ
′
-invariant, (4.3) follows from the proof in Case 1. 
For any u ∈ CP,W , we denote
u,i =
∂u
∂vi
, u,ij =
∂2u
∂vi∂vj
and (uij) the inverse matrix of (u,ij). By Proposition 3.1, near any point p ∈ ∂P ,
there exists local adapt coordinates introduced by [23]. That is, for any p ∈ ∂P ,
we can choose affine coordinates {vi}i=1,...,r on Rr such that a neighbourhood of p
in P is given by
v1, ..., vN ≥ 0
for some 1 ≤ N ≤ r. Thus by (3.4) and [23, Proposition 2] we have for any
u ∈ CP,W ,
uijνAi → 0 and uij,jνAi → −
2
λA
〈v, νA〉,(4.4)
as v goes to a facet F′A = {v ∈ (a′)∗| l′A(v) = 0} of P+ = P ∩ a∗+. Here
λA =
γ(uA)
γ(ξ)
,
and νA denotes the unit outer normal vector of F
′
A .
Let
ΛA =
2
λA
(1− 2σ(uA)), ∀ FA ∩ a∗+ 6= ∅.(4.5)
For any u ∈ CP,W , we define a functional µ(·) by
µ(u)
=
1
VP
∑
{A| FA∩a∗+ 6=∅}
ΛA
∫
F′A∩P+
u 〈v, νA〉pi dσ0
− S¯
VP
∫
P+
upi dv − 4
VP
∫
P+
σ(∇u)pi dv
− 1
VP
∫
P+
log det (uij)pi dv +
1
VP
∫
P+
[χ (∇u) + 4σ(∇u)]pi dv,(4.6)
where pi(v) =
∏
α∈R+G〈α, v〉
2, χ(x) = − log J(x) and VP =
∫
P+
pi dv. The following
proposition shows that K-energy is same to the functional µ(·).
Proposition 4.2.
K(ψ) = µ(uψ) + const., ∀ψ ∈ HK×K
(
1
2
dη
)
.(4.7)
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Proof. By Lemma 4.1, we have
K(ψ) = −C0
V
∫ 1
0
∫
(a′)+
ψ˙t(S
T
t − S¯T )(ωTt )n ∧ dt.(4.8)
On the other hand, analogous to [33, Lemma 2.4], we see that
STt =− uijt,ij − 2uijt,j
pi,i
pi
− uijt
pi,ij
pi
− ut,ik ∂
2χ
∂xi∂xk
∣∣∣∣
x=∇ut
− ∂χ
∂xi
∣∣∣∣
x=∇ut
pi,i
pi
.(4.9)
Consequently,
S¯T =
1
VP
∑
{A| FA∩a∗+ 6=∅}
ΛA
∫
F′A∩P+
〈v, νA〉pi dσ0.(4.10)
Then substituting (4.9) and (4.10) into (4.8), and taking integration by parts to-
gether with (4.4), we get
VP · K(ψ)
=
∑
{A| FA∩a∗+ 6=∅}
ΛA
∫
F′A∩P+
uψ 〈v, νA〉pi dσ0 − S¯ ·
∫
P+
uψpi dv
−
∫
P+
log det (uψ,ij)pi dv +
∫
P+
[χ (∇uψ) + 4σ(∇uψ)]pi dv + const.
Note that
V =
∫
M
(dη)n ∧ η = C0 · VP .
Thus (4.7) is true. A detailed proof can be found in [33, Proposition 3.1]. 
We call µ(·) the reduced K-energy of K(·) as in [22, 47, 33]. By Proposition 4.2,
µ(·) is well-defined on CP,W . Note that the nonlinear part
− 1
VP
∫
P+
log det (uij)pi dv +
1
VP
∫
P+
[χ (∇u) + 4σ(∇u)]pi dv
is invariant by adding a linear function whcih depends only on a′z = a
′ ∩ z(h). We
will use the Futaki invariant to normalize u in CP,W . By Proposition 4.2, we observe
Lemma 4.3. Let
L(u) = 1
VP
∑
{A| FA∩a∗+ 6=∅}
ΛA
∫
F′A∩P+
u 〈v, νA〉pi dσ0
− S¯
VP
∫
P+
upi dv − 4
VP
∫
P+
σ(∇u)pi dv.
Then M has vanishing Futaki invariant if and only if
L(aivi) = 0(4.11)
for any a = (ai) in a′z.
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Proof. Let σX(t) be a one parameter subgroup of Aut
T (M) generated by some
X =
∑
aiE0i ∈ a′z. Then by Lemma 1.1, we have
[σX(t)]
∗ωTg = ω
T
g +
√−1∂∂¯φt
for some basic function φt. By [10, Proposition 5.2], it follows
d
dt
K(ψt) = − 1
V
Fut(X).
On the other hand, by Proposition 4.2, as in [33], we see that
d
dt
K(ψt) = L(aivi + c) = L(aivi),
where c is some constant. Combining the above two relations, we prove the lemma.

Without loss of generality, we may choose γ such that O ∈ P . When the Futaki
invariant vanishes, CP,W can be normalized by a set
CˆP,W = {u ∈ CP,W | u ≥ u(O) = 0}.
In fact, we have
Lemma 4.4. Assume that Fut(·) = 0. Then for any ψ ∈ HK×K( 12dη), there is
σ ∈ Z(H) such that the Legendre function uˆ of ϕσ belongs to CˆP,W .
Proof. Let u be the Legendre function of ϕψ. Then u ∈ CP,W . By the W -invariance,
a = ∇u(O) ∈ a′z. Let σat be the one parameter subgroup of Hc generated by −a.
By Lemma 1.1, there is a ψσ ∈ HK×K
(
1
2dη
)
with (ϕ0 + ψσ)(O) = 0 such that
(σa1 )
∗ 1
2
dηψ =
1
2
dη +
√−1∂B ∂¯Bψσ,
where σ = σa1 . Then one can check that the Legendre function uˆ of ϕ0 +ψσ is given
by
uˆ = u− aivi − u(O).
Thus uˆ ∈ CˆP,W . 
4.1. A criterion for the properness of K-energy. Recall I-functional,
I(ψ) = I(ωTg , ψ) =
1
V
∫
M
ψ[(
1
2
dη)n ∧ η − (1
2
dηψ)
n ∧ ηψ],(4.12)
where ψ ∈ H ( 12dη). We call K(·) proper on H ( 12dη) if there is an increasing
function f(t) : R≥0 → R which satisfies limt→+∞ f(t) = +∞ such that
K(ψ) ≥ f(I(ψ)), ∀ψ ∈ H
(
1
2
dη
)
.(4.13)
In view of Lemma 1.1, the action of AutT (M) on M preserves [ωTg ]B . We
introduce
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Definition 4.5. Let K be a maximal compact subgroup of AutT (M) and HK
(
1
2dη
)
the subset of K-invariant Sasaki metrics in H( 12dη). Let G0 be another subgroup
of AutT (M). K(·) is called proper on HK
(
1
2dη
)
modulo G0 if there is a f as in
(4.13) such that
K(ψ) ≥ inf
σ∈G0
f(I(ψσ)), ∀ψ ∈ HK
(
1
2
dη
)
,
where ψσ is defined by
1
2dηψσ =
1
2σ
∗(dηψ) = 12dη +
√−1∂B ∂¯Bψσ.
Let bar and b˜ar be the weighted barycenters of P+ and ∂P+, respectively, which
are defined by
bar =
∫
P+
vpi dv∫
P+
pi dv
,
b˜ar =
∑
{A| FA∩a∗+ 6=∅} ΛA
∫
F′A∩P+ v〈v, νA〉pi dσ0∑
{A| FA∩a∗+ 6=∅} ΛA
∫
F′A∩P+〈v, νA〉pi dσ0
.
Let barss and b˜arss are projections of bar and b˜ar to the semi-simple part a
∗
ss in
a∗, respectively. Then following the argument in the proof of main theorem in [33,
Theorem 1.2], we have
Theorem 4.6. Let (M, g) be a compact G-Sasaki manifold with vanishing Futaki
invariant. Suppose that there is a γ ∈ a∗z such that γ(ξ) 6= 0 and(
min
A
ΛA · b˜arss − 4σ
)
∈ Ξ, ∀ FA ∩ a∗+ 6= ∅,(4.14) (
b˜arss − barss
)
∈ Ξ¯,(4.15)
(n+ 1) ·min
A
ΛA − S¯ > 0, ∀ FA ∩ a∗+ 6= ∅,(4.16)
where ΛA are constants defined by (4.5). Then the K-energy is proper on HK×K( 12dη)
modulo Z(H).
We will give a proof of Theorem 4.6 in case of ωTg ∈ pin+1cB1 (M) in next section.
In this case, ΛA = 2(n + 1) are all and S¯ = 2n(n + 1). Thus (4.15) and (4.16)
are both automatically satisfied. Since P does not satisfy the Delzant condition in
general [27], we need to modify the argument in the proof of [33, Theorem 1.2]. For
a general transverse Ka¨hler class [ωTg ]B , we left the proof to the reader.
Remark 4.7. Since the polytope P in Theorem 4.6 depends on the choice of γ, we
do not know whether the condtions (4.14)-(4.16) depend on γ or not. But in case
of ωTg ∈ pin+1cB1 (M), the conditions are independent of γ (cf. Section 5).
5. Properness of µ(·)
In this section, we prove Theorem 4.6 in case of ωTg ∈ pin+1cB1 (M). First we use
Lemma 2.3 to give a criterion to verfiy ωTg ∈ pin+1cB1 (M) in terms of the moment cone
C given by (2.3). This criterion is in fact similar to that a G-manifold being Fano
is determined by its moment polytope [33]. We need to introduce some notations
below.
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Set C+ = C ∩ a∗+. We call a facet FA satisfies FA ∩ a∗+ 6= ∅ an outer facet of
C+. Note that for any Weyl chamber a
∗
+
′, there exists a unique w′ ∈ W such that
w′(a∗+) = a
∗
+
′. Thus for any FA′ which intersects a∗+
′, w′−1(FA′) is an outer facet
by W -invariance of C, and it has prime normal vector w′−1(uA′). We associate to
FA′ a vector σA′ := w
′(σ). Obviously
σ(w−1uA′) = σA′(uA′).(5.1)
Proposition 5.1.
ωTg ∈
pi
n+ 1
cB1 (M)(5.2)
holds if and only if there is a γ0 ∈ a∗z such that
γ0(uA) = −1 + 2σA(uA), ∀ A,(5.3)
and
γ0(ξ) = −(n+ 1).(5.4)
Proof. Suppose that (5.2) is true. Then by the relations (1.10), [26, (10)] and
Ric(g¯)(X,Y ) = Ric(g)(X,Y )− 2ng(X,Y ), ∀X,Y ∈ TM,
we have
Ric(g¯) =
√−1∂∂¯h.1
Using the Ka¨hler potential F = 12ρ
2, we get
∂∂¯(− log det(∂∂¯F )− h) = 0, in Z,
where the operators ∂, ∂¯ are both defined in the affine coordinates on Z. On the
other hand, by Proposition 2.4, the growth behavior of F on the torus cone Z is
same as Fˆ in (2.6). Then one can check that log det(∂∂¯F ) has at most the linear
growth. Thus there is γ0 ∈ a∗ such that
− log det(∂∂¯F ) = h+ 2γ0(x).
By (4.2), it follows that
(5.5) − log MAR(F )− log
∏
α∈R+G
〈α,∇F 〉2 − χ(x) = 2γ0(x) + h+ C, ∀x ∈ a+,
where χ(x) = − log J(x). Note that the function γ0(x) is W -invariant. It follows
that γ0 ∈ a∗z ⊂ z∗(g).
Taking the Legendre transformation of F in (5.5), we have
log det(U,ij)− 2
∑
α∈R+G
log〈α, y〉 − χ(∇U) = 2γ0iU,i + h+ C,(5.6)
where U is the Legendre function of F and
U,i =
∂U
∂yi
, U,ij =
∂2U
∂yi∂yj
.
1For any basic function h on M , we can extend it to C(M) by assumming ξ(h) = ∂
∂ρ
h = 0.
G-SASAKI MANIFOLDS AND K-ENERGY 23
Since γ0 is W -invariant, it suffices to prove (5.3) when FA is an outer facet. Let y0
a point on a facet FA of C in a
∗
+, which is away from other facets and all Weyl walls.
Then by (2.7), it is easy to see that the sum of singular terms at the left-hand side
of (5.6) goes to
− log lA(y) + 2σ(uA) log lA(y)
as as y → y0. Similar to the right-hand side of (5.6), we have
γ0(uA) log lA(y), as y → y0.
Thus combining the above two relations, we derive (5.3). Furthermore, one can
verify that γ0 is uniquely determined by (5.3) and (C2)-condition for the good cone
C in Section 2. By (C1)-condition, γ0 is also rational.
Next we determine the quantity γ0(ξ). We note that α(ξ) = 0 for any α ∈ RG,
since ξ ∈ z(k). It follows
ξi
∂J
∂xi
= 2J(x)
∑
α∈R+G
α(ξ) · cothα(x) = 0.
Thus combining with (3.6), we get
yi
∂
∂yi
det(U,ij)
= yi
∂
∂yi
(
e2γ0iU,i+h+C
∏
α∈R+G〈α, y〉
2
J(∇U)
)
=
(
γ0iξ
i + n− r − 1
J(∇U)
∂J
∂xi
∂xi
∂yk
yk
)(
e2γ0iU,i+h+C
∏
α∈R+G〈α, y〉
2
J(∇U)
)
=
(
γ0iξ
i + n− r) det(U,ij).(5.7)
On the other hand, det(U,ij) is homogenous of degree −(r + 1). Hence by the
Euler’s equation, we obtain (5.4) from (5.7) immediately.
To prove the sufficient part of proposition, it suffices to show that −lKC(M) is
trivial for some l ∈ N+ as in the proof of [16, Theorem 1.2]. We reduce the problem
to show that −lKC(M)|Z is trivial for some l. Then we extend the property to
C(M) by the K × K-invariance through constructing a non-trivial meromorphic
function on Z.
By the work of Brion [11] (see also [36, Sect. 1.8]), we have
−KC(M)|Z =
∑
A
(1− 2σA(uA))DA,
where DA is the boundary prime divisor of Z associated to FA. By (5.3), it follows
−KC(M)|Z = −
∑
A
γ0(uA)DA.
Recall that γ0 is rational. This means that there is an l ∈ N+ such that lγ0 is a
lattice point in N∗. Thus there is a global meromorphic function which defines the
divisor −∑A lγ0(uA)DA (cf. [25, Chapter 3]). Hence −lKC(M)|Z is trivial, and so
−lKC(M) is. The proof is completed. 
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By (1.8), it is easy to see S¯ = 2n(n+ 1). To simplify the reduced energy µ(·) in
Proposition 4.2, which depends on the choice of H-orbit, we take a translation
v′ = v +
1
n+ 1
ι∗(γ0),
where γ0 is given by Proposition 5.1. Then we get a translated polytope P
′ =
P + 1n+1 ι
∗(γ0) from (3.5), which is defined by
l′A(v
′) =
(
uiA −
γ(uA)
γ(ξ)
ξi
)
v′i +
1− 2σA(uA)
n+ 1
> 0, ∀A.
It is also easy to see that the pull back of any function u ∈ CP,W lies in CP ′,W .
The advantage of choice of P ′ is that ΛA = 2(n+ 1) for all A. Then
L(u) = 2(n+ 1)
VP
∫
P ′+
〈
v′ − 2
n+ 1
σ,∇u
〉
pi dv′,
and
µ(u)
= L(u)− 1
VP
∫
P ′+
log det (uij)pi dv
′ +
1
VP
∫
P ′+
[χ (∇u) + 4σ(∇u)]pi dv′.(5.8)
One can check that (5.8) is just the reduced K-energy associated to the H0-orbit
determined by choosing γ = γ0. In the later, we always assume that H = H0.
By the fact that S¯ = 2n(n+1) and ΛA = 2(n+1), we see that (4.14) is equivalent
to
bar(P+) =
∫
P+
vpi dv∫
P+
pi dv
∈ 2
n+ 1
σ + Ξ.(5.9)
Moreover, (4.11) is equivalent to
bar(P+) ∈ ass,+,(5.10)
where ass,+ is the semi-simple part of a
′
+. Hence, (5.9) implies that M has vanishing
Futaki invariant by Lemma 4.3. By Lemma 4.4, Theorem 4.6 turns to prove the
following proposition in case of (5.2).
Proposition 5.2. Assume that (5.9) is satisfied. Then µ(·) is proper on CˆP,W .
More precisely, there are δ, Cδ > 0 such that
µ(u) ≥ δ
∫
P+
upi(v) dv − Cδ, ∀ u ∈ CˆP,W .
5.1. A criterion for the properness of general functionals. In this subsec-
tion, we will establish a criterion to verify the properness of general functionals µ(·)
for convex functions on a bounded polytope P . Let us introduce a setting for such
a P and related functionals as follows.
Let H = (K ′)c be a reductive Lie group of dimension n with T ′ its maximal
compact torus, and assume that the rank of H is r. Let R ⊂ J(t′)∗ = (a′)∗ be
the root system and R+ a chosen set of positive roots. Set 2σ =
∑
α∈R+ α and
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denote the corresponding Weyl group by W . We assume that a bounded polytope
P ⊂ (a′)∗, which can be described as
P =
⋂
{A=1,...,d}
{l′A(v) := λA − uiAvi > 0}
with each λA > 0, which satisfies:
(P1) P is convex and W -invariant, which contains the origin O;
(P2) Each codimension N face of P is exactly intersections of N facets. In
particular, each vertex of P is exactly the intersection of r facets;
(P3) Each uA satisfies
α(uA) ∈ Z, ∀ α ∈ R.(5.11)
We note that uA need not to be a lattice vector in the lattice of one parameter
groups. Also we remark that the moment polytope P given in Section 3.1 satisfies
these conditions. As before, we set P+ = P ∩ (a′)∗+, where (a′)∗+ is the positive
Weyl chamber defined by R+.
Define the Guillemin function of P by
uP (v) =
1
2
∑
A
lA(v) log lA(v).
Then it has properties:
(F1) uP ∈ C∞(P ) ∩ C0(P );
(F2) uP is W -invariant and strictly convex;
(F3) The derivatives of uP satisfies
uijP ∈ C∞(P ),
where uP,ij =
∂2
∂v1∂vj
uP and (u
ij
P ) = (uP,ij)
−1.
Let a = (ai) ∈ a′z = a′ ∩ z(h), the central part of a′. Assume that
a1 ≤ aivi ≤ a2, ∀ v ∈ P
for some a1, a2. Let f(t) : [a1, a2]→ R be a function which satisfies:
(W1) f is smooth;
(W2) There are constants mf ,Mf such that
0 < mf ≤ f(t) ≤Mf , ∀t ∈ [a1, a2];
(W3) There is constants Cf such that
||f(t)||C2 ≤ Cf .
For simplicity, we denote fa(v) = f(a
ivi).
Set a space of normalized W -invariant strictly convex functions by
Cˆ′P,W = {u ∈ C∞(P ) ∩ C0(P )| u is strictly convex and W -invariant on P,
u ≥ u(O) = 0}.
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Let pi, χ be functions as before. Given fa and a constant ΛL > 0, we define a
weighted functional µ(·) associated to fa for any u ∈ Cˆ′P,W by
µ(u) =
1
ΛL
L(u) +N (u),
where
L(u) =
∫
P+
〈v − 4ΛLσ,∇u〉 fa(v)pi(v)dv,(5.12)
and
N (u) = −
∫
P+
log det (u,ij) fa(v)pi(v)dv
+
∫
P+
[χ (∇u) + 4σ(∇u)]fa(v)pi(v)dv.
Clearly, L(·) is well-defined on Cˆ′P,W . We will show that N (·) is also well-defined,
so is µ(·) below. The following is the main result in this section.
Theorem 5.3. Let Ξ is the relative interior of the cone generated by R+. Suppose
that P+ satisfies
bara(P+) =
∫
P+
vfa(v)pi(v)dv∫
P+
fa(v)pi(v)dv
∈ 4ΛLσ + Ξ.(5.13)
Then there is a δ > 0 and a constant Cδ such that
µ(u) ≥ δ
∫
P+
ufa(v)pi(v)dv − Cδ, ∀u ∈ Cˆ′P,W .
Clearly, Proposition 5.2 follows from Theorem 5.3 by taking f ≡ 1, ΛL = (2(n+
1))−1 and P = ι∗(P). In the following, we will use the arguments in [33] to prove
the theorem.
5.2. The linear part L(·). Let dσ0 be the Lebesgue measure of ∂P+ and ν the
corresponding unit normal vector. By (W2)-condition for fa and convexity of u,
there is a constant Λ such that for any W -invariant convex function u which is
normalized at O,∫
P+
ufa(v)pi(v)dv ≤ Λ
∫
∂P+
u〈v, ν〉fa(v)pi(v)dσ0.(5.14)
Taking integration by parts in (5.12), and using the fact that
vipi,i(v) = (n− r)pi(v),
we have
4ΛL
∫
P+
uσ(∇pi)〉fa(v)dv
= L(u)−
∫
∂P+
u〈v − 4ΛLσ, ν〉fapidσ0
+ n
∫
P+
ufa(v)pi(v)dv +
∫
P+
u〈v − 4ΛLσ, a〉f ′pidv.
G-SASAKI MANIFOLDS AND K-ENERGY 27
Then by using (W2), (W3) and (5.14), we get a constant C > 0 such that∫
P+
uσ(∇pi)fa(v)dv
≤ 1
4ΛL
L(u) + C
∫
∂P+
u〈v, ν〉fa(v)pi(v)dσ0, ∀u ∈ Cˆ′P,W .(5.15)
Combining (5.14), (5.15) and following the argument in the proof of [33, Proposition
4.3], we can prove
Lemma 5.4. Under the assumption (5.13), there is a constant λ > 0, such that
L(u) ≥ λ
∫
∂P+
u〈v, ν〉fa(v)pi(v)dσ0, ∀u ∈ Cˆ′P,W .
5.3. The nonlinear part N (·). In this subsection, we estimate N (·). In particu-
lar, we show that N (·) is well-defined on Cˆ′P,W . We will use a method in [22] (also
see [49, 33]). In fact, it suffices to show that for any u ∈ Cˆ′P,W ,
N+(u) = −
∫
P+
[log det (u,ij)− χ (∇u)− 4σ(∇u)]+fa(v)pi(v)dv
> −∞.(5.16)
As in the proof of [33, Lemma 6.3], for any u ∈ Cˆ′P,W , we define a W -invariant
function uˆ such that
uˆ|P+ = u+
1
2
c|v|2 + σivi.
Then uˆ lies in C∞(P+) ∩ C0(P+) and satisfies
N+(uˆ) < N+(u).
Thus by replacing u with uˆ, we may assume
log det (u,ij)− χ (∇u)− 4σ(∇u) > 0,
and consequently N+(u) = N (u).
By the convexity of χ(·) and − log det(·), we have
− log det(u,ij) + χ(∇u)
≥ − log det(u0,ij) + χ(∇u0)− φij0 (u,ij − u0,ij) +
∂χ
∂xi
∣∣∣∣
x=∇u0
(u,i − u0,i).(5.17)
On the other hand, by the condition (P2), we have (cf. [23]),
uijP νAi → 0 and uijP,jνAi → −
2
λA
〈v, νA〉,(5.18)
as v goes to a facet F′A = {v| l′A(v) = 0} of P . Here νA is the unit outer normal
vector of F′A. Thus integrating both sides of (5.17) on P+ and taking integration
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by parts for the terms uij0 u,ij and
∂χ
∂xi |x=∇u0u,i, we get∫
P+
[− log det(u,ij) + χ(∇u)]fapidv
≥ −
∫
∂P+
uij0 u,iν
jfapidσ0 +
∫
P+
uij0,ju,ifapidv +
∫
P+
uij0 a
ju,if
′pidv
+
∫
P+
uij0 u
,jpi,ifadv +
∫
∂P+
u
∂χ
∂xi
∣∣∣∣
x=∇u0
νifapidσ0
−
∫
P+
u
∂2χ
∂xi∂xj
∣∣∣∣
x=∇u0
fapidv
−
∫
P+
u
∂χ
∂xi
∣∣∣∣
x=∇u0
aif ′pidv −
∫
P+
u
∂χ
∂xi
∣∣∣∣
x=∇u0
fapi,idv − C0.(5.19)
We need to deal with each terms in (5.19) in the following.
Note that u is convex and continuous on P . Then by (5.18), we have (cf. [22,
Lemma 3.3.5]),
−
∫
∂P+
uij0 u,iν
jfapidσ0 = 0(5.20)
and
−
∫
∂P+
uij0,iuν
jfapidσ0 =
∑
A
2
λA
∫
F′A∩(a′)∗+
ufapi dσ0.(5.21)
Note that pi vanishes quadratically on Weyl walls and
∂χ
∂xi
(x)→ −4σi(5.22)
as x→∞ and away from Weyl walls. We see that∫
∂P+
u
∂χ
∂xi
∣∣∣∣
x=∇u0
νifapidσ0 → −
∫
∂P+
4uσiν
ifapidσ0.(5.23)
Moreover, by the fact that α(a) = 0 for any α, we have
∂χ
∂xi
ai = −2
∑
α∈R+
(αia
i) cothα(x) = 0.(5.24)
On the other hand, taking integration by parts with help of (5.18), and then by
(F3), (W3), we get the following estimates,∣∣∣∣∣
∫
P+
uij0,ju,ifapidv
∣∣∣∣∣
=
∣∣∣∣∣∑
A
2
λA
∫
F′A∩(a′)∗+
ufapi dσ0
−
∫
P+
[uij0,ijfapi + u
ij
0,ja
if ′pi + uij0,jfapi,j ]dv
∣∣∣∣∣
≤ C
(∫
∂P+
u〈v, ν〉fa(v)pi(v)dσ0 +
∫
P+
u(1 + σ(∇pi))fa(v)dv
)
,(5.25)
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P+
uij0 a
ju,if
′pidv
= −
∫
P+
u[uij0,ia
jf ′pi + uij0 a
jf ′pi,i + u
ij
0 a
iajf ′′pi]dv
≤ C
(∫
P+
u〈v, ν〉fa(v)pi(v)dv + +
∫
P+
uσ(∇pi)fa(v)dv
)
,(5.26)
∫
P+
uij0 u,ifapi,jdv
= −
∫
P+
uij0,iufapi,jdv −
∫
P+
u[uij0 f
′ajpi,j + u
ij
0 fapi,ij ]dv.
≤ C
(∫
P+
u〈v, ν〉fa(v)pi(v)dv + +
∫
P+
uσ(∇pi)fa(v)dv
)
.(5.27)
Thus substituting (5.20)-(5.27) into (5.19), we finally obtain
N (u) ≥ −C1
∫
∂P+
u〈v, ν〉fa(v)pi(v)dσ0
− C2
∫
P+
u(1 + σ(∇pi))fa(v)dv +
∫
P+
uQfa(v)pi(v)dv − C3,
where
Q = − ∂χ
∂xi
∣∣∣∣
x=∇u0
pi,i
pi
− ∂
2χ
∂xi∂xk
∣∣∣∣
x=∇u0
∂2u0
∂vi∂vk
− uij0
pi,ij
pi
.(5.28)
Hence by (5.14) and (5.15), we see that there are uniform constants C1, C2, C3 > 0
such that for any u ∈ Cˆ′P,W ,
N+(u)
≥ −C1
∫
∂P+
u〈v, ν〉fa(v)pi(v)dσ0 − C2L(u) +
∫
P+
uQfa(v)pi(v)dv + C3.(5.29)
In particular, (5.16) is true.
5.3.1. Estimate of Q. As in [33], we have to control the growth of Q near Weyl
walls. The goal is to show that
Lemma 5.5. There is a uniform constant CQ such that
|Q|pi ≤ CQ σ(∇pi), ∀v ∈ P+.
Proof. From (5.28), a direct computation shows
Q =
∑
α∈R+
[
4
|α|2 cothα(∇u0)
〈α, v〉 − 2
u0,ijαiαj
sinh2 α(∇u0)
− 2uij0
αiαj
〈α, v〉2
]
+ 2
∑
α6=β∈R+
[
cothα(∇u0) · 〈α, β〉〈β, v〉 + cothβ(∇u0) ·
〈α, β〉
〈α, v〉 − 2u
ij
0
αiβj
〈α, v〉〈β, v〉
]
.
For simplicity, we denote each term in these two sums by Iα(v) and Iα,β(v), respec-
tively.
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To estimate Iα(v), it suffices to control it near the Weyl wall Wα = {v| 〈α, v〉 =
0}. By the W -invariance of P , we can divide outer faces of P exactly into three
classes as in [33]. Fix a point v0 ∈Wα, let v → v0. Following the arguments of [33,
Lemma 4.9, Lemma 4.11], we see that there is a neighbourhood Uv0 and a constant
Cv0 such that
|Iα(v)| ≤ Cv0〈α, v〉 , ∀v ∈ Uv0 ∩ P+.
We should remark that by our assumption (5.11) it holds
α(uA) ∈ Z>0,
for any outer facet FA which is not orthogonal to Wα, although uA may not be
a lattice vector. Thus the arguments in Case (iii) of [33, Lemma 4.11] are still
available. Following [33, Lemma 4.11], Iα,β can be estimated in a similar way.
Since ∂P+ ∩Wα is compact, there are uniform constants Cα, Cα,β such that
|Iα(v)| ≤ Cα〈α, v〉 ,
|Iα,β(v)| ≤ Cα,β
(
1
〈α, v〉 +
1
〈β, v〉
)
,
(5.30)
for any v ∈ P+.
Recall that 〈σ, α〉 > 0 for any α ∈ R+. Then
σ(∇pi(v))
2pi(v)
=
∑
α∈R+
〈σ, α〉
〈α, v〉 ≥
C
〈α, v〉 , ∀α ∈ R
+.
Thus Lemma 5.5 follows from (5.30) and the above inequality.

Combining (5.14), (5.15), (5.29) and Lemma 5.5, we prove
Proposition 5.6. There are uniform constants C0, CL > 0 such that for any u ∈
Cˆ′P,W ,
N+(u) ≥ −CLL(u)− C0.(5.31)
(5.31) implies (5.16). Thus N (·) is well-defined on Cˆ′P,W .
5.4. Proof of Theorem 5.3.
Proof of Theorem 5.3. Let  ∈ (0, 1) be a small positive number. Note thatN (u) >
N+(u). Then by Proposition 5.6, it is not hard to see that (cf. [33, Proposition
4.1]),
N (u) ≥ N (u) + n log 
≥ −C0 + n log − CLL(u).
Take  sufficiently small such that
1−  · ΛLCL = δ′ · ΛL > 0.
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Thus we get
µ(u) =
1
ΛL
L(u) +N (u)
≥ δ′L(u)− C0 + n log .
Combining (5.14) and Lemma 5.4, we derive
µ(u) ≥ δ
′λ
Λ
∫
M
ufapi dv − C0 + n log .
The theorem is proved. 
6. Existence of G-Sasaki Einstein metrics
To the authors’ knowledge, Futaki, Ono and Wang are the first ones in the
literature who used the equation (1.9) to study the existence problem of Sasaki
Einstein metrics [26]. As in case of Ka¨hler-Einstein metrics [45, 39], they solved
the following family of equations via the continuity method,
(6.1) det(gTij¯ + ψ,ij¯) = exp(−2t(n+ 1)ψ + h) det(gTij¯), t ∈ [0, 1],
where gT is a transverse Ka¨hler metric with its Ka¨hler form ωTg ∈ pin+1cB1 (M). It is
known that (6.1) is solvable for sufficiently small t > 0 and ωTg +
√−1∂∂¯ψ satisfies
the Sasaki Einstein metric equation (1.8) if ψ is a solution of (6.1) at t = 1. Thus
solving (1.8) turns to do a prior-estimate for solutions ψt for t ∈ [t0, 1] for some
t0 > 0. As shown in [45, 39], we need to do the C
0-estimate for solutions ψt.
As a version of Tian’s theorem in case of Sasaki manifolds [39], Zhang proved
the following analytic criterion for the existence of Sasaki Einstein metrics [42].
Theorem 6.1. Let (M, 12dη) be a (2n + 1)-dimensional compact Sasaki manifold
with 12 [dη]B =
pi
n+1c
B
1 (M). Suppose that there is no non-trivial Hamiltonian holo-
morphic vector field on M . Then (M, 12dη) has a Sasaki-Einstein metric if and
only if K-enegry K(·) is proper on H ( 12dη).
6.1. A generalization of Zhang’s theorem. In general, (M, 12dη) may admit
Hamiltonian holomorphic vector fields. Note that K(·) is invariant under AutT (M)
if the Futaki-invariant vanishes. Thus one shall modify Theorem 6.1 for the proper-
ness property of K(·) in sense of Definition 4.5.
Similar to I-functional, one can define Aubin’s J-functional on H ( 12dη) by
J(ψ) =
∫ 1
0
1
s
I(sψ)ds.
It can be checked that (cf. [42])
0 ≤ 1
n+ 1
I(ψ) ≤ I(ψ)− J(ψ) ≤ n
n+ 1
I(ψ).
Lemma 6.2. Let AutT0 (M) be the connected component of Aut
T (M) which con-
tains the identity. Then for any ψ ∈ H ( 12dη), there exists a σ0 ∈ AutT0 (M) such
that
(I − J)(ψσ0) = min
σ∈AutT0 (M)
{(I − J)(ψσ)},(6.2)
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where ψσ is an induced potential defined by
1
2
σ∗dηψ = ωTg +
√−1∂∂¯ψσ.
Moreover, (6.2) holds if and only if∫
M
real(X)(ψσ0)(dηψσ0 )
n ∧ ηψσ0 = 0, ∀ X ∈ ham(M).(6.3)
Proof. Let σs be the one parameter subgroup in Aut
T
0 (M) generated by real(X).
Then by a direct computation, we have
d
ds
[I(ψσs)− J(ψσs)]|s=0
= − n
2n−1V
∫
M
ψσ0dd
c
Bψ˙σs |s=0 ∧ dηn−1ψσ0 ∧ ηφσs0
=
√−1n
2n−1V
∫
M
∂Bψσ0 ∧ ∂¯Bψ˙σs |s=0 ∧ dηn−1ψσ0 ∧ ηψσ0
=
1
2nV
∫
M
real(X)(ψσ0)dη
n
ψσ0
∧ ηψσ0 .(6.4)
Thus if σ0 is a minimizer of F (σ) = I(ψσ) − J(ψσ), then (6.3) holds. Conversely,
we need to show that a critical point of F (σ) is also a minimizer. This follows from
the convexity of F (σ) along any one parameter subgroup σs. Namely, we have
d2
ds2
[I(ψσs)− J(ψσs)] ≥ 0, ∀s ≥ 0.(6.5)
Rewrite the second identity in (6.4) as
d
ds
[I(ψσs)− J(ψσs)] = −
1
2nV
∫
M
ψ˙σs 4B ψσsdηnψσs ∧ ηψσs .
Then
d2
ds2
[I(ψσs)− J(ψσs)]
= − 1
2nV
∫
M
ψ¨σs 4B ψσsdηnψσs ∧ ηψσs −
1
2nV
∫
M
ψ˙σs 4B ψ˙σsdηnψσs ∧ ηψσs
− 1
2nV
∫
M
ψ˙σs 4B ψ˙σs 4B ψσsdηnψσs ∧ ηψσs
+
1
2nV
∫
M
ψ˙σs〈∂B ∂¯Bψσs , ∂B ∂¯Bψ˙σs〉dηψσs dη
n
ψσs
∧ ηψσs .(6.6)
Note
ψ¨σs = |∂¯Bψ˙σs |2dηψσs .
Taking integration by parts in (6.6), we get
d2
ds2
[I(ψσs)− J(ψσs)] =
1
2nV
∫
M
|X|2dηψσs dη
n
ψσs
∧ ηψσs ≥ 0, ∀s ≥ 0.
This verifies (6.5).
The existence of minimizers σ0 of F (σ) follows from the fact I(φσ) goes to the
infinity when dist(Id, σ) goes to the infinity.
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
The following is a modification of Theorem 6.1 in the sufficient part.
Proposition 6.3. Let (M, 12dη) be a (2n+1)-dimensional compact Sasaki manifold
with 12 [dη]B =
pi
n+1c
B
1 (M). Let K and G0 be two subgroups of Aut
T (M) as in
Definition 4.5. Then (M, 12dη) admits a transverse Sasaki-Einstein metric if K(·)
is proper on HK
(
1
2dη
)
modulo G0.
Proof. The proof is a slight modification of Tian’s argument for Ka¨hler-Einstein
metrics in [40, Theorem 2.6] (also see [39, 42]). Without loss of generality, we may
assume that dη is K-invariant. Thus all ψt of (6.1) are K-invariant. It suffices to
get a uniform bound of I(ψt). We note that Fut(·) ≡ 0 on ham(M) since K(·) is
proper on HK
(
1
2dη
)
modulo G0.
From the computation for solutions ψt in (6.4), we have
d
ds
[I(ψσs)− J(ψσs)]|s=0 = −
1
V
∫
M
real(X)(ψt)dη
n
ψt ∧ ηψt .
Note that
ht + 2(n+ 1)(1− t)ψt = ct,
where ht is the basic Ricci potential of
1
2dηψt and ct is a constant. Thus
d
ds
[I(ψσs)− J(ψσs)]|s=0 =
1
(1− t)V real(Fut(X))
= 0,∀ X ∈ ham(M).
This means that ψt is a minimizer of I(ψσ) − J(ψσ) for ψt by Lemma 6.2. Since
K(ψt) is uniformly bounded above for any t ∈ [t0, 1] (cf. [42]), I(ψt) − J(ψt) and
so I(ψt) is uniformly bounded by the properness of HK
(
1
2dη
)
modulo G0.

6.2. Proof of Theorem 0.1. First we prove the necessary part. Here we will
use an argument for extremal Ka¨hler metrics from [47, 48]. In fact, we have the
following proposition.
Proposition 6.4. Suppose that M admits a G-Sasaki metric with constant trans-
verse scalar curvature. Then for any convex W -invariant piecewise linear function
f on P , we have
L(f) ≥ 0.
Moreover, the equality holds if and only if
f(v) = aivi
for some a = (ai) ∈ a′z.
Proof. As before, we assume that γ is chosen such that P contains O. A convex
W -invariant piecewise linear function f on P can be written as
f = max
1≤N≤N0
{fN},
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where fN is W -invariant such that
fN |P+(v) = aiNvi + cN
for some constant vector aN = (a
i
N ). It is showed that aN ∈ a′+ (cf. [33, Proposition
3.4]). Then we can divide P+ into τ0 sub-polytopes P1, ..., Pτ0 such that for each
τ = 1, ..., τ0, there is an N(τ) ∈ {1, ..., N0} with
f |Pτ = fN(τ).
For simplicity, we write fτ as fN(τ).
On the other hand, we may write a G-Sasaki metric with constant transverse
scalar curvature as ωTg =
√−1∂∂¯ϕ0, where ϕ0 is a K ×K-invariant function [10].
By (4.9), we have
ST (u0) = − 1
pi
(
(uij0 pi),ij +
∂
∂vi
(
pi
∂χ
∂xi
∣∣∣∣
x=∇u0
))
= S¯.
Then, on each Pτ ,
− S¯
∫
Pτ
fpi dv
=
∫
Pτ
(
(uij0 pi),ij +
∂
∂vi
(
pi
∂χ
∂xi
∣∣∣∣
x=∇u0
))
f dv.
(6.7)
Note that f,ij = 0 on each Pτ . Taking integration by parts, we get∫
Pτ
(uij0 pi),ijfpidv =
∫
∂Pτ
(uij0,jνipi + u
ij
0 pi,iνj)f dσ0
−
∫
∂Pτ
uij0 νif,jpi dσ0
and ∫
Pτ
∂
∂vi
(
pi
∂χ
∂xi
∣∣∣∣
x=∇u0
)
f dσ0 =
∫
∂Pτ
νi
∂χ
∂xi
∣∣∣∣
x=∇u0
fpi dσ0
−
∫
pτ
∂χ
∂xi
∣∣∣∣
x=∇u0
f,ipi dv.
Plugging the above relations into (6.7), it follows
−S¯
∫
Pτ
fpi dv =
∫
∂Pτ
(
uij0,jνipi + u
ij
0 pi,iνj + νipi
∂χ
∂xi
∣∣∣∣
x=∇u0
)
f dσ0
−
∫
∂Pτ
uij0 νif,jpi dσ0 −
∫
Pτ
∂χ
∂xi
∣∣∣∣
x=∇u0
f,ipi dv.
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Thus summing over τ , using (4.4) and the argument of [48, Proposition 2.2], we
obtain
−S¯
∫
P+
fpi dv =
∑
τ1<τ2
∫
∂Pτ1∩∂Pτ2
uij0 (a
i
τ1 − aiτ2)(ajτ1 − ajτ2)
|aτ1 − aτ2 |
pi dσ0
−
∑
A
ΛA
∫
F′A∩∂P+
f〈v, νA〉pi dσ0 −
∑
τ
∫
Pτ
∂χ
∂xi
∣∣∣∣
x=∇u0
aiτpi dv.
(6.8)
Recall (5.12). We see that
VP · L(f) =
∑
A
ΛA
∫
F′A∩∂P+
f〈v, νA〉pi dσ0 − S¯
∫
P+
fpi dv
− 4
∑
τ
∫
Pτ
σ(aτ )pi dv.
(6.9)
Note that for any aτ = (a
i
τ ) ∈ a′+,
−aiτ
∂χ
∂xi
− 4σiaiτ = 2
∑
α∈Φ+
(cothα(x)− 1)α(aτ ) ≥ 0, ∀ x ∈ a+.
Hence, plugging (6.8) into (6.9), we derive
VP · L(f) =
∑
τ1<τ2
∫
∂Pτ1∩∂Pτ2
uij0 (a
i
τ1 − aiτ2)(ajτ1 − ajτ2)
|aτ1 − aτ2 |
pi dσ0
+ 2
∑
τ
∑
α∈Φ+
∫
Pτ
(cothα(x)− 1)α(aτ )pi dv ≥ 0.(6.10)
It is easy to see that the equality in (6.10) holds if and only there is an a =
(ai) ∈ a′+ such that
aτ = a, ∀ τ
and
α(a) = 0, ∀ α ∈ Φ+.
The second relation means that a ∈ a′z. The proposition is proved. 
Proof of necessary part of Theorem 0.1. Suppose that (0.1) does not hold. Choos-
ing γ = γ0. Then
bar(P+)− 2
n+ 1
σ 6∈ Ξ.
We will follow a way in [33, Lemma 3.4] to construct a piecewise linear function.
By (5.10), we may assume
bar(P+)− 2
n+ 1
σ ∈ (a′)∗ss,
otherwise the Futaki invariant does not vanishes. Let {α(1), ..., α(r′)} be the simple
roots in Φ+. Without loss of generality, we can write
bar(P+)− 2
n+ 1
σ = λ1α(1) + ...+ λr′α(r′),
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where λ1 ≤ 0. Let {$i} be the fundamental weights for {α(1), ..., α(r′)} such that
2〈$i,α(j)〉
|α(j)|2 = δij . Define a W -invariant rational piecewise linear function f on P by
f(v) = max
w∈W
{〈w ·$1, v〉}.
Then
f |P+ = 〈$1, v〉.
Note that $1 ∈ (a′)∗ss. However,
L(f) = n(n+ 1)|α(1)|2λ1 ≤ 0.
This contradicts to Proposition 6.4. Hence (0.1) is true. 
To prove the sufficient part of Theorem 0.1, we need the following lemma.
Lemma 6.5. For any ψ ∈ HK×K
(
1
2dη
)
with uψ ∈ CˆP,W , there exists a uniform
constant C such that ∣∣∣∣∣J(ψ)− 1VP
∫
P+
uψdv
∣∣∣∣∣ ≤ C.
Proof. First by Lemma 4.1, we have
J(ψ) =
1
V
∫
M
ψ (dη)n ∧ η + 1
VP
∫
P+
(uψ − u0)pi dv.
Then the lemma is reduced to prove∣∣∣∣∫
M
ψ (dη)n ∧ η
∣∣∣∣ ≤ C, ∀ uψ ∈ CˆW .(6.11)
By the normalized condition, it follows
∇uψ(O) = O, uψ(O) = 0.
Thus
ψ(O) = −ϕ0(O).
On the other hand, since ψ is a basic function,
4Bψ = 4gψ.
This means that the basic Laplace operator coincides with the Laplace operator of
g on ψ. Thus by using the above two estimates and following the Green function
argument in [47, Lemma 2.2], we can obtain a uniform C0 such that
1
VP
∫
M
ψ(dη)n ∧ η ≥ sup
M
ψ − C0 ≥ −ψ0(O)− C0.(6.12)
On the other hand, by ξ(ψ) = 0, we have
|∇ψ| = |∇ψ|OrbM (p)|.
It follows that
|∇ψ| ≤ |∇ϕ0|+ |∇ϕ| ≤ 2diam(P ).
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Then by an argument in [47, Lemma 2.2] and (6.12), we get
sup
M
ψ ≤ C ′(6.13)
for some large constant C ′. Hence combining (6.12) and (6.13), we obtain (6.11).

Proof of sufficient part of Theorem 0.1. First, we note that (5.9) is equivalent to
(0.1) by the relation (3.8). On the other hand, by Lemma 4.4, we see that there is
a σ ∈ Z(K ′) such that uˆ ∈ CˆP,W for any ψ ∈ HK×K
(
1
2dη
)
, where uˆ is the Legendre
function of ϕψσ . Then by Proposition 5.2 and Lemma 6.5, we get
K(ψ) = µ(uˆ) ≥ δ
∫
P+
uˆpi(y) dy − Cδ
≥ δJ(ψσ)− C ′δ
≥ δ inf
τ∈Z(H)
J(ψτ )− C ′δ.(6.14)
(6.14) means that K(·) is proper on HK′×K′
(
1
2dη
)
modulo Z(H). Hence, by Propo-
sition 6.3, we prove the existence of G-Sasaki Einstein metrics. 
Proof of Corollary 0.2. By the necessary part of Theorem 0.1, (5.9) holds. Then as
in the proof for the sufficient part of Theorem 0.1 above, for any ψ ∈ HK×K
(
1
2dη
)
,
(0.2) holds with Z ′(T c) chosen as Z(H). The corollary is proved.

7. G-Sasaki Ricci solitons
In this section, we give a version of Theorem 0.1 for the existence problem of
transverse Sasaki-Ricci solitons. As a generalization of transverse Sasaki-Einstein
metrics, a Sasaki metric (M, 12dη) is called a transverse Sasaki-Ricci soliton if there
is an X ∈ ham(M) such that (cf. [26, 34, 35, 8], etc.)
RicT (g)− 2(n+ 1)ωTg = LXωTg .
Clearly, 12 [dη]B =
pi
n+1c
B
1 (M) by the definition. It has been showed that on a
compact Sasaki manifold the soliton vector X is determined by vanishing of the
modified Futaki invariant (cf. [26, Proposition 5.3]),
FutX(Y ) = −
∫
M
uY e
uX (
1
2
dη)n ∧ η, ∀v ∈ ham(M).(7.1)
On a G-Sasaki manifold, by restricting the metric to the H0-orbit as in Section 5,
(7.1) is equivalent to∫
P+
Y ivie
Xivipi dv = 0, ∀ Y = (Y i) ∈ z(h0).(7.2)
In particular, X = (Xi) ∈ z(h0).
Define a weighted barycentre with respect to X by
barX(P+) =
∫
P+ ye
Xiyipi dσc∫
P+ e
Xiyipi dσc
.
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We get a soliton version of Theorem 0.1 as follows.
Theorem 7.1. Let (M, 12dη) be a (2n+1)-dimensional compact G-Sasaki manifold
with ωTg ∈ pin+1cB1 (M) > 0. Then M admits a transverse Sasaki-Ricci soliton if and
only if barX(P+) satisfies
barX(P+)− 2
n+ 1
σ +
1
n+ 1
γ0 ∈ Ξ.(7.3)
Similar to Ka¨hler geometry, one can introduce a modified K-energy on H ( 12dη)
as in [43, 12, 44, 33], etc.. We note that an analogy of Theorem 7.1 for Ka¨hler-
Einstein G-manifolds has been recently estibalished in [20] and [33], respectively.
By following the argument in [33], one can extend the proof of Theorem 0.1 to
Theorem 7.1 by taking fa(v) = fX(v) = e
Xivi in Theorem 5.3. We left the details
to the reader.
7.1. Deformation of transverse Sasaki-Ricci solitons. In [34, 35], Martelli,
Sparks and Yau introduced the deformation theory of Reeb vector fields ξ on a
compact Sasaki manifold. They showed that the volume of M in fact depends only
on ξ. Moreover, they proved that under the restriction of (5.2) the Sasaki structure
(M, g, ξ, η) has the vanishing Futaki invariant if ξ is a critical point of Vol(M, g).
In particular, by applying their theory together with the Futaki-Ono-Wang’s result
for the existence of transverse Sasaki-Ricci solitons on toric Sasaki manifolds, one
will obtain a deformation theorem for transverse toric Sasaki-Ricci solitons. We
want to extend such a theorem to G-Sasaki Ricci solitons. However, unlike the
toric Sasaki manifolds, we need to overcome the obstruction condition (7.3).
Analogous to [34], we deform ξ in z(k) and see that ξ must be in an open convex
cone
Σ = C∨ ∩ az,
where C∨ is the interior of the dual cone of C. Fix a ξ′ ∈ Σ, by Proposition 2.4,
there is a function ρξ′ defined on Z such that
(1) Fξ′ =
1
2ρ
2
ξ′ is the Legendre function of U
ξ′
0 ;
(2) ω′ =
√−1∂∂¯Fξ′ is a Ka¨hler cone metric on Z. Thus {ρξ′ = 1}∩Z is a toric
Sasaki manifold.
Note that the complex structure of C(M) does not change. By Proposition 2.2 we
see that there is a G-Sasaki manifold M ′, which is diffeomorphic to M and whose
Ka¨hler cone is (C(M), ω′). Hence we get a Sasaki structure (M, g′, ξ′, η′) [9, Section
3].
By Proposition 5.1, we see that the Sasaki structure (M, g′, ξ′, η′) satisfies (5.2)
if and only if ξ′ ∈ ΣO, where ΣO is defined by (0.4).
Proof of Theorem 0.4. By a change of variables v = ι∗(y), (7.2) is equivalent to
(barX(P+) + 1
n+ 1
γ0)(Y ) = 0, ∀ Y ∈ az.(7.4)
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Choose coordinates y1, ..., yr+1 on az such that y1, ..., yr are the coordinates on
ker(γ0). Then (7.4) is equivalent to
Ψi(X, ξ) :=
∫
P+
yie
Xkykpi dσc = 0, i = 1, ..., r.
Taking derivatives of the above Ψi’s with respect to X
1, ..., Xr, we have
∂Ψi
∂Xj
=
∫
P+
yiyje
Xkykpi dσc,
which is a strictly positive definite (r× r)-matrix [43, Lemma 2.2]. Since Ξ is open
in a+,ss, the condition (7.3) will keep on when ξ ∈ ΣO is sufficiently close to ξ0.
Hence the theorem follows from Theorem 7.1 immediately. 
8. Examples
In this section, we give several examples of G-Sasaki manifolds and verify the
existence of G-Sasaki Einstein metrics or G-Sasaki Ricci solitons on them.
Example 8.1. Let (M ′, ω′) be a Fano manifold and M the Kobayashi regular
principle S1-bundle over M ′. Then M is a regular Sasaki manifold.
The Kobayashi regular principle S1-bundle over a Ka¨hler manifold was con-
structed in [30]. Boyer-Galicki [8, Theorem 7.5.2] showed that M is a regular
Sasaki manifold with whose Reeb field is induced by the corresponding S1-action.
Furthermore, the contact form η satisfies 12dη = pi
∗ω′ (cf. [5, Sect. 6.7.2], [28]),
where pi is the projection to M ′. Thus M admits a Sasaki-Einstein metric if (M ′, ω′)
admits a Ka¨hler-Einstein metric (cf. [7, Corollary 2.1]).
Moreover, if M ′ is a Fano compactification of a connect reductive group H and
the H×H-action can be lifted to M as a bundle isomorphism, H×H is a subgroup
of AutT (M). Thus M is a G-Sasaki manifold with
G = (H × C∗)/diag(H ∩ C∗).
Example 8.2. Let (M2ni+1i , gi, ξi), i = 1, 2 be two compact Sasaki manifolds and
(C(M2ni+1i ), g¯i) be their Ka¨hler cones, respectively. Let ωg¯i =
√−1
2 ∂∂¯ρ
2
i be their
corresponding Ka¨hler cone metrics. Take ρ =
√
ρ21 + ρ
2
2 on the product C(M1) ×
C(M2) and let M = {ρ = 1} be the corresponding level set. Then g¯ is a Ka¨hler
metric associated to ω =
√−1
2 ∂∂¯ρ
2 and (M, g = g¯|M ) is a Sasaki manifold.
It can be verified that ξ = ξ1 +ξ2 is the Reeb field of (M, g). If we further assume
that each Mi is a Gi-Sasaki manifold, then it is obvious that M is a G1×G2-Sasaki
manifold. Furthermore, the moment cone of (M, g) is given by
C = C1 × C2,
where Ci is the moment cone of (Mi, gi). The normal vectors of facets of C are all
given by uA(i), where uA(i)’s are normals of facets of Ci, considered as vectors in the
product space. Thus if ωTgi ∈ pini+1cB1 (Mi), then ωTg ∈ pin1+n2+2cB1 (M). Moreover,
γ0 = γ01 + γ02, where γ0 ∈ (a∗1z + a∗2z), γ0i ∈ a∗iz are determined in Proposition 5.1
with respect to M,Mi, respectively.
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The characteristic polytope of (M, g) is given by
P = {y = (y1, y2)| ξ(y) = 1}
= ∪t∈[0,1]{tP1 + (1− t)P2},
where Pi is the characteristic polytope of (Mi, gi) embedded in the product cone
C. Then we have
bar(P) =
∫
[0,1]×P1×P2(ty1, (1− t)y2)tn1(1− t)n2pi1(y1)pi2(y2)∫
[0,1]×P1×P2 t
n1(1− t)n2pi1(y1)pi2(y2)
=
(
n1 + 1
n1 + n2 + 2
bar(P1), n2 + 1
n1 + n2 + 2
bar(P2)
)
.
Thus M admits a transverse G-Sasaki Einstein metric if and only if both Mi do.
Hence, by Theorem 0.4, we may deform to a family of non-product transverse
G-Sasaki Ricci solitons from a product transverse G-Sasaki Einstein metric (M, ξ).
Example 8.3. Let K = U(2) and G = GL2(C). Identify C4\{O} with the set of
non-zero 2× 2 complex matrixes M2×2(C)\{O}. For any A ∈ C4\{O}, define
ρ2(A) = tr(AA¯T ).
Then we get a GL2(C)-Sasaki manifold
S7(1) = {A ∈ C4\{O}|ρ(A) = 1},
which is the standard Euclidean sphere.
Figure 1. The lattice (a) a and (b) a∗.
It is easy to see that
√−1
2 ∂∂¯ρ
2 is the standard Euclidean metric on C4, thus S7(1)
is the standard unit sphere. In the following, we verify that S7(1) is a G-Sasaki
Einstein metric. We consider the GL2(C)×GL2(C) action on C4\{O} given by
(GL2(C)×GL2(C))× (C4\{O}) → C4\{O}
((X1, X2), Z) → X1ZX−12 .
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Then C4\{O} satisfies Definition 2.1 (1). Obviously, ρ is K × K-invariant. By a
direct computation, we have
g = SpanC
{(
1 0
0 0
)
,
(
0 0
1 0
)
,
(
0 1
0 0
)
,
(
0 0
0 1
)}
and
tc = SpanC
{(
1 0
0 0
)
,
(
0 0
0 1
)}
.
The Reeb vector field ξ is given by ξ =
(√−1 0
0
√−1
)
, which satisfies Definition
2.1 (3).
We choose a maximal torus
T c =
{(
ez 0
0 e−z
)
|z ∈ C∗
}
.
Then the restriction of 12ρ
2 on it is given by
1
2
ρ2(z) =
1
2
(|ez|2 + |ez|−2).
Choose E1, E2 as the generators of a and E
∗
1 , E
∗
2 be their dual in a∗, we see that
the lattice of characters of G is generated by E∗1 and E
∗
2 (See Fig-1).
A direct computation shows that
C = {y1E∗1 + y2E∗2 ∈ a∗| y1, y2 ≥ 0}.
Also, we have
2σ = E∗1 − E∗2 , ξ = E1 + E2,
u1 = E1, u2 = E2,
γ0 = −2(E∗1 + E∗2 ).
Then one can check that (0.1) holds. In fact, S7(1) can be regarded as a Hopf
S1-fiberation, which is a S1-bundle over CP3, and CP3 is a Fano compactification
of PGL2(C) (cf. [3, Example 2.2]). However, the PGL2(C)×PGL2(C)-action can
not be lifted to C4, so it is not of the kind given in Example 8.1.
Example 8.4. Let K = SU(2)×S1 and G = SL2(C)×C∗. Identify C5\{O} with
(M2×2(C)⊕ C)\{O}. Consider the hypersurface
H := {(A, t) ∈ C5\{O}|det(A) = t2}.
For any (A, t) ∈ C5\{O}, define
ρ2(A, t) :=
1
6
(
tr(AA¯T ) + |t|2) .
Then M = H∩{ρ = 1} is an (SL2(C)×C∗)-Sasaki manifold of dimension 7, whose
Ka¨hler cone is H.
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As in Example 8.3,
√−1
2 ∂∂¯ρ
2 is the standard Euclidean metric on C5 and M is
the intersection of H and the unit sphere. Consider the G × G-action on H given
by
(G×G)×H → H
((X1, t1), (X2, t2), (A, t)) → (t1X1At−12 X−12 , t1tt−12 ).
one can check directly that (1)-(2) in Definition 2.1 are satisfied.
By a direct computation, we have
g = SpanC
{((
1 0
0 −1
)
, 0
)
,
((
0 0
1 0
)
, 0
)
,
((
0 1
0 0
)
, 0
)
,
((
0 0
0 0
)
, 1
)}
,
and
tc = SpanC
{((
1 0
0 −1
)
, 0
)
,
((
0 0
0 0
)
, 1
)}
.
Let ξ =
((
0 0
0 0
)
,
√−1
)
. Then ξ ∈ z(k) and M is a G-Sasaki manifold with the
Reeb vector field ξ.
Let us determine the moment cone of this Sasaki manifold. Choose a maximal
torus
T c =
{((
ez 0
0 e−z
)
t, t
)
|z, t ∈ C∗
}
.
Then the restriction of 12ρ
2 on it is
1
2
ρ2(z, t) =
1
6
(|ez|2 + |ez|−2 + 1)|t|2.
Choose E1, E2 as the generators of a and E
∗
1 , E
∗
2 be their dual in a∗. We see that
the lattice of characters of G is generated by e∗1 =
1
2 (E
∗
1 +E
∗
2 ) and e
∗
2 =
1
2 (E
∗
1 −E∗2 )
(See Fig-2).
Figure 2. The lattice (a) a and (b) a∗.
A direct computation shows that
C = {y1e∗1 + y2e∗2 ∈ a∗| − y1 + y2 ≥ 0, y1 + y2 ≥ 0},
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and the positive part is of
C+ = {y1e∗1 + y2e∗2 ∈ a∗| − y1 + y2 ≥ 0, y1 ≥ 0}.
Also, we have
2σ = 2e∗2,
u1 = e1 + e2, u2 = e1 − e2,
γ0 = −3e∗1.
On the other hand, ξ = E1 + E2, and so γ0(ξ) = −3. Thus ξ does not de-
fine a Sasaki structure such that the corresponding transverse Ka¨hler form lies in
pi
n+1c
B
1 (M). But by replacing ξ by ξ
′ = 43ξ, we get a Sasaki structure on M whose
transverse Ka¨hler form lies in pin+1c
B
1 (M). In fact, this new Sasaki structure can be
derived from the original one by applying a D-homothetic deformation defined by
Tanno [38] (see also [9]). It can be checked that (0.1) holds in this case. Thus the
Sasaki manifold M with its Reeb vector field ξ′, admits a Sasaki-Einstein metric.
In fact, in this case, M is an S1-bundle over M/etξ, which is the wonderful com-
pactification of SL2(C). It is known that the wonderful compactification of SL2(C)
admits a Ka¨hler-Einstein metric .
Example 8.5. Let n = 4, G = PSL2(C) × C∗ and Gˆ = G × C∗. Choose 2σ =
(1, 0, 0) to be a positive root in gˆ ∼= R3. Let C be the cone in gˆ given by
C = {y3 − y2 ≥ 0, y3 + y2 ≥ 0, 2y3 − y2 − y1 ≥ 0, 2y3 − y2 + y1 ≥ 0 }.
Then there is a Gˆ-Sasaki manifold of dimension 9 such that C is its moment cone.
Clearly, C is a good cone. Moreover, its facets intersect with Weyl wall orthog-
onally. Thus by [3, Proposition 2.5], there is a smooth Ka¨hler manifold Mˆ with an
open dense Gˆ× Gˆ-orbit isomorphic to Gˆ. Furthermore, if we equip the toric orbit
Z in Mˆ with a toric cone metric, then it extends to a Ka¨hler cone metric on Mˆ by
Proposition 2.2.
Figure 3. Polytope P+.
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Next, we choose a possible ξ such that Mˆ is the Ka¨hler cone of a Sasaki manifold
M with cB1 (M) > 0. By Proposition 5.1, we see
γ0 = (0, 0,−1),
ξ = (0, ξ2, 5), −5 < ξ2 < 5.
Then the polytope P+ in (a
′
+)
∗ is the convex hull of the following four points (See
Fig-3)
q1 =
(
0,
1
ξ2 + 5
)
, q2 =
(
0,
−1
−ξ2 + 5
)
,
q3 =
(
1
ξ2 + 5
,
1
ξ2 + 5
)
, q4 =
(
3
−ξ2 + 5 ,
−1
−ξ2 + 5
)
.
The soliton vector field on a′ is of form,
X = (0, λ)
for some λ ∈ R. Also 2σn+1 =
(
1
5 , 0
)
. Let ξ2 → 5. Then λ → +∞. In this case the
barycentre of P+,
barX(P+)→
(
3
40
, 0
)
.
Thus M admits no Sasaki-Ricci soliton when ξ2 is chosen sufficiently close to 5.
But if ξ2 → −5, we have λ→ −∞. In this case
barX(P+)→
(
9
40
, 0
)
and M admits Sasaki-Ricci soliton metric when ξ2 is chosen sufficiently close to −5.
In particular, barX(P+) =
(
3
10 , 0
)
when ξ2 = − 52 . Hence we prove the existence of
Sasaki-Ricci solitons on Mˆ .
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